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Social Power Games for Parallel Friedkin-Johnsen Models

Lingfei Wang, Yu Xing, Shijie Huang, Claudio Altafini, Karl Henrik Johansson

Abstract—In this paper we consider a strategic game played
by a group of agents on a set of opinion dynamics models.
The models are all Friedkin-Johnsen (FJ) models, which are
independent of each other (we call them “parallel FJ models™).
The task of an agent is to maximize her overall social power by
allocating a given budget of stubbornness across the parallel FJ
models. For this game, the cost function is shown to be convex
in the action profile set, but discontinuous at some boundary
points when for some FJ model only one agent is stubborn (i.e.,
assigning non-zero stubbornness in the FJ model). Despite the
discontinuity, an Nash equilibrium is shown to exist, but is not
necessarily unique. Some sufficient conditions that can guarantee
the uniqueness are proposed, relying on the strictly monotone
pseudo-gradient mappings associated to the game. The conditions
are applied to complete graphs with rank-1 weight matrices, for
which the link weights are unequal for different agents and on
different FJ models. Moreover, for the complete graph case, given
the actions of the other agents, the best response of each agent
is analytically characterized.

I. INTRODUCTION
A. Background and related works

Consider a social network in which the agents recipro-
cally influence each other through their interactions on the
network, and a dynamical rule (typically based on some
form of averaging) is used to update the opinions of the
agents. To measure the influence that each agent has in such
opinion propagation process, one can for instance use different
centrality measurements [51], [48], which are determined
merely by the network topology. However, for a process of
opinion formation, a more appropriate assessment should also
consider the specific dynamical rule that is used to propagate
the opinions [13], [23], [28]. For averaging-based models, a
natural way to describe an agent’s influence on the opinion
outcome is to use the notion of social power. For the DeGroot
model, for instance, the social power of an agent can be
defined as the agent’s weight in the weighted average that
constitutes the endpoint consensus value [31], [2]. Specifically,
for this case, the definition of social power coincides with that
of eigenvector centrality. This definition can also be applied to
other DeGroot-like models, such as the Friedkin-Johnsen (FJ)

This work was supported by the Knut and Alice Wallenberg Foundation
(Wallenberg Scholar Grant), the Swedish Research Council (Distinguished
Professor Grant 2017-01078), the Swedish Foundation for Strategic Research
(SUCCESS FUS21-0026), and by grants from the Swedish Research Council
(grant n. 2020-03701), the ELLIIT framework program at Linkdping Univer-
sity.

Lingfei Wang, Yu Xing and Karl H. Johansson are with Division of Decision
and Control Systems, School of Electrical Engineering and Computer Science,
KTH Royal Institute of Technology, and with Digital Futures, Stockholm,
Sweden. Email: {1ingfei, yuxing2, kallej}@kth.se

Shijie Huang is with the Delft Center of Systems and Control (DCSC), TU
Delft, 2624CD Delft, Netherlands. Email: s.huang-5@tudelft.nl

Claudio Altafini is with the Division of Automatic Control, Department of
Electrical Engineering, Linkoping University, SE-58183 Linkoping, Sweden.
Email: claudio.altafini@liu.se

model [23], [35], in which agents are stubbornly defending
their own initial opinions. For the FJ model, social power
is no longer equal to eigenvector centrality, but can still be
regarded as an approximation of it if multiple FJ models are
concatenated in a sequence [6].

Apart from “passive” opinion propagation, a social network
of interactions can be seen as the medium through which an
agent can “actively” spread her influence to the other agents,
and thereby try to impact the decision made collectively by
the group of agents. A widespread objective is to try to steer
the opinions of the agents towards that of an “influencer”. For
instance, a problem widely studied for opinion diffusion mod-
els is seed selection [32], [8], in which an external influencer
needs to carefully choose the seed set to maximize the number
of final “infected” agents. Other variants of this problem on
averaging-based opinion models are also studied in literature,
depending on the various possible optimization targets and
actions of the influencers [55], [25], [34], [37]. The idea of
opinion influence maximization can be extended to the case of
two or more influencers, and a game formulation is normally
used for the model description. More specifically, for some
underlying opinion dynamics model, influencers compete with
each other by investing their limited resource to a group of
selected agents, and a zero-sum game is often constructed in
this way [26], [16], [3], [14].

When it comes to modeling influence maximization, there
are several limitations in the existing literature. First, to our
knowledge, most of the papers deal with external influencers.
That is, agents who want to maximize influence always keep
their own opinions unchanged. However, it is common to see
changes in people’s own opinions even as they try to per-
suade someone else. Second, the payoff is normally computed
in terms of the opinions themselves, not of more intrinsic
quantities like the social power. Third, in the game-theoretical
formulations, the players only deal with one playground, while
competition over multiple “battlefields” exist in many real-
world scenarios such as electoral campaigns, competitive ad-
vertising, etc. [40], [20]. With the first and second perspectives
in mind, [58], [5] developed a strategic game for the so-called
concatenated FJ model, in which the action of each agent is
her stubbornness during the opinion-forming process. The idea
of taking the stubbornness of an FJ model as an action is
also evidenced in [1]. Unlike the aforementioned literature,
the utility of each agent in [58] is her final social power, and
the resulting game is called a social power game. The current
paper further develops the notion of social power game, and
applies it to a scenario in which multiple opinion forming
processes on independent issues are considered. Interestingly,
each of the opinion forming processes can be regarded as a
battlefield over which the agents compete with each other.
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B. Main contributions

The setting we consider here is one of multidimensional
opinions: each agent has a vector of opinions on a number of
subjects that are discussed with the other agents. For each
discussion, an FJ model is applied, but unlike many other
works considering interdependent opinions [43], [61], [38], the
topics under discussion are considered independent, and the
interaction network need not be the same across the topics.
Therefore, we skip the tensor product formalism adopted
in [43] and treat the discussion on each topic as occurring
disjointly, independently, and simultaneously. For simplicity,
we refer to our current social power game as occurring on
parallel FJ models. In the social power game, the action of
each agent is her stubbornness over the FJ models, and the
utility is a function of the social power itself (rather than of
the opinions, as in the vast majority of the literature). More
precisely, to accommodate the parallel nature of the FJ models,
the utility is taken as the sum of the social powers accumulated
in each of the parallel FJ meetings we consider. Under such a
formulation, the social power game for parallel FJ models is
strategically equivalent to a zero-sum game.

The main technical problem considered in this paper is the
existence and uniqueness of Nash equilibrium (NE) for the
social power game. This is a basic problem for a strategic
game, widely investigated for different games [49], [4], [42],
[17]. For the social power game on parallel FJ models, it is
shown that the cost function of each agent is convex in the
feasible set of action profiles (Proposition 1) but discontinuous
for some boundary points (Proposition 2). The discontinuity of
the cost functions, despite holding on a zero-measure set, poses
an issue when proving the existence of the NE, as the standard
results for continuous games cannot be applied directly. On
the other hand, even for three-player zero-sum games with
continuous and convex cost functions, there is no general result
to guarantee the uniqueness of NE, let alone for the multi-
player games with discontinuous cost functions studied in this
paper. Therefore, a careful analysis tailored to the considered
game is needed. Specifically, our main technical contributions
are summarized as follows:

« For a single discussion (i.e., a single FJ model), it is
proved that the best strategy of each agent is to increase
her stubbornness as much as possible (Theorem 1), which
means that the unique NE for the game is that all the
agents are as stubborn as possible.

o For multiple parallel discussions, we first prove the
existence of NE for the social power game when its
action space is constrained to be strictly contained in the
interior of the positive orthant (Proposition 3). Then using
a property of the constrained NE, namely that it must be
bounded away from the origin (Lemma 6), the original
social power game is shown to have an NE, which can be
approximated by a sequence of NEs of constrained social
power games (Theorem 2). Moreover, if the underlying
graphs for the parallel FJ models are the same, an NE
for the game is that all agents distribute their resource of
stubbornness equally over the discussions (Proposition 4).

o To guarantee the uniqueness of NE, we propose a variant

of a widely used condition that assumes strict monotonic-
ity of the pseudo-gradient mapping (Assumption 3). With
this condition, any constrained social power game is first
proved to have a unique NE (Proposition 5). Then, by
using the equivalence between variational inequality (VI)
problems and NE seeking problems, the uniqueness of
NE for the original social power game is proved through
a sensitivity analysis of the associated VIs (Theorem 3).
« The special case that the underlying graphs are all rank-
1 complete graphs is studied to give more insights. For
this case, the strong monotonicity condition holds if the
edge weights of each graph are close to each other
(Lemma 10). In particular, if the graphs are homogenous
and with equal edge weights, the associated social power
game will have a unique NE given that each agent has
enough resource of stubbornness, and the NE corresponds
to each agent being equally stubborn for every FJ model
(Theorem 4). If the graphs are heterogeneous and with
3 agents, under some bounds of the parameters of the
game, a unique NE is also proved to exist (Theorem 5).
Moreover, given the actions of the other agents, the best
response of an agent is characterized in Theorem 6.

Compared with the social power game considered in [58],
[5], the setting investigated in this paper is rather different,
since the social power game in [58], [5] was based on sequen-
tial (“concatenated”) discussions. The differences in the model
formulation imply that the technical problems investigated in
this paper are totally different from those of [58], [5]. For
instance, the main feature of the game in [58], i.e., early mover
advantage, no longer exists for the game studied here.

C. Motivating examples for the model

Let us illustrate the motivation for studying the social power
game for parallel FJ models through some examples.

One reason to consider parallel FJ models is that, in the real
world, complex decision processes are often broken down into
several smaller issues, each discussed in a separate meeting.
These meetings need to maintain some independence and
particularity so that the final decision can take into account
different factors. A concrete example is the United Nations
climate talks [6]. Every year multiple meetings are held by
different committees, with each committee in charge of a
specific aspect of climate change. Several of these meetings are
held in parallel during a two-week window of time, usually in
November-December, and contribute to the resolutions that are
finalized in the so-called Conference of the Parties (COP) of
which the committees are subsidiary bodies. By considering an
FJ model for the opinion evolution in each meeting, the social
power game considered in this paper can capture the strategic
involvement of the parties participating in the climate talks, in
the sense that each party wants to exert an influence on the
final resolution of the COP which is as large as possible.

Additional motivation for why we consider parallel FJ
models comes from multilayer social networks [15]. For
instance, the same group of individuals might engage in both
a WhatsApp group (for informal socializing) and a Teams
channel (for structured work coordination). Each platform
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has its own interaction topology and dynamics, modeled via
separate FJ models. While social power in a single network
reflects sustained leadership in opinion dynamics, our social
power game characterizes agents’ competition for leadership
across all layers simultaneously.

Another example of parallel FJ models appears in the
legislative process in parliamentary democracies. Often, during
its redaction, a law passes through different committees in
charge of different aspects (e.g., constitutional compatibility,
social impact, economic sustainability). It is common that
the same members of Parliament (MPs) belong to different
subcommittees (or, lumping together MPs into political parties
[22], that the same parties are represented in multiple subcom-
mittees [18]). MPs (or parties) allocate their influence across
the various subcommittees in such a way to maximize their
overall leadership. This phenomenon can be naturally repre-
sented within our framework of parallel FJ models applied to
overlapping agent sets.

An important characteristic of the social power game is that
stubbornness can be considered as the action of each agent. In
the context of the UN climate negotiations, this comes from
the observation that stubbornness of an agent can be linked
to the number of speaking occasions in a meeting — speaking
more can be considered a proxy to being more stubborn, see
[6], [5] for a quantitative analysis on real data. In this context,
imposing “budget constraints” such as K;,7 € V, is natural,
and motivated by the fact that meetings cannot go on forever
and that no agent can have the monopoly of the discussion.
More stubbornness intuitively leads to more social power, but
the presence of constraints makes the game nontrivial.

Mathematically, the social power game is similar to the
multiplayer Colonel Blotto game [7], [41], which is a resource
allocation game describing the competition among a group of
agents over multiple battlefields. In the social power game,
each meeting or FJ model represents a battlefield, and is
valued equally by all the agents. However, instead of obeying
a winner-take-all rule as in standard Blotto games, the agents
in each FJ model play a constant-sum game whose outcome
is linked to how the opinions evolve during the dynamics. In
a general sense, the social power game can be categorized as
a special type of contest game [9] consisting of multiple sub-
contests (i.e., FJ models), with the contest success function
(the probability of winning the contest) of each FJ model as the
social power, which is determined by the underlying opinion
formation process and highly nonlinear in the resource (i.e.,
stubbornness) put into that contest.

D. Organization of the paper

The paper is organized as follows: Section II gives the
notations and some background material. Section III presents
the model and formulates the problems of interest. The main
results are included in Sections IV and V. Section VI con-
cludes the paper. All proofs are given in the Appendices.

A preliminary version of this paper appeared in ECC24 [59],
and only considers the single meeting case, the constrained
social power game, and the graphs with uniform weights, with
all the proofs omitted. It should be noted that [59] mistakenly

claims non-convexity of the cost functions on some boundary
profiles. This is not the case, instead the cost functions are
convex but discontinuous on some boundary profiles.

II. NOTATIONS AND PRELIMINARIES
A. Notations

The set of real numbers and integers are denoted by R and
Z, respectively. All vectors are real column vectors and are
denoted by bold lowercase letters such as x and y. The ith
entry of a vector x is denoted by [x]; or, if no confusion
arises, x;. The symbol diag(x) represents the square matrix
with diagonal entries equal to the entries of x and the others
equal to 0. Matrices are denoted by the normal upright letters
suchas A, B, ..., of entries [A];; or a;; (here lowercase letters
represent scalars). Given a vector xj (or a matrix Aj) with
subscript k, we use x; . (or a;; 1) to represent its ¢-th (or ¢j-th)
entry. The identity matrix is denoted by I,, with dimension
sometimes omitted, depending on the context. The n-order
vector and matrix with all entries being 0 or 1 are denoted by
0,, or 1, respectively with the dimensions omitted if there is
no confusion. Let e; be the vector with the ith entry as 1 and
all the others as 0. We use [n] to represent the set {1,...,n}.
Given a set C, we use |C| to denote its cardinality. For a finite
set of vectors ¢;, i € V, use (c;);ey to denote (¢ , ..., clTw)T
and the subscript is sometimes omitted when no confusion
arises, i.e., (c;); for finitely many vector sets C;,7 € V, their
product is denoted as II;cy,C; or (C;);ey (with the subscript
sometimes omitted), i.e., (C;) = {(c;) : ¢; € C;}. Given x* €
R™, let B, (x*) be the closed ball centered in x* with radius
r,ie, B.(x*) = {x € R" : || x —x*|| < r}. Given two square
matrices A,B € R"*" use A > B to imply that A — B is
positive semi-definite; A > B means that A;; > B;; for all
i,j € [n]; A is called substochastic if A > 0 and 1 > A1l,
and if the equality holds, A is called stochastic, otherwise A
is called strictly substochastic. Given a real number z, let | x|
be the nearest integer that is no larger than x. For a sequence
of sets Cx, k € Z4 and a set C, we use C, T C to denote that
Cr C Ck+1,Vk S Z+ and limy_,., Cr, = C.

i

B. FJ model

Consider a network with nodes (agents) indexed in V = [n].
It is represented by a directed graph G = (V, &), where £ is a
set of ordered pairs of nodes and (7,5) € & represents a link
from node ¢ to node j. A (directed) path is a concatenation
of directed links of £. We say that node 7 is connected to
node j if there is a directed path from ¢ to j. The graph G
is called strongly connected if any two nodes are connected
to each other. Given a stochastic matrix W = [w;;] € R"*",
its associated digraph is denoted Gw = (V, &), where V and
&y are the sets of nodes and edges respectively, with V = [n]
and (4, j) € &y if and only if wj; > 0.

The FJ model is a DeGroot-like model for opinion dynamics
in which some agents behave stubbornly, in the sense that they
defend their initial positions while discussing with the other
agents [23]. If n agents participate in a discussion, the FJ
model is

y(t+1)=(1-0)Wy(t)+0y(0), t=0,1,... (D)
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where y is the n-dimensional opinion vector, W is a row-
stochastic matrix, and © = diag(6s,...,0,), with §; € [0,1]
representing the stubbornness of agent i. Stubbornness here
means attachment of an agent to her own opinion, represented
by the initial condition y(0) at the beginning of the discussion
(6; = 0 means agent 7 is not stubborn, §; = 1 means a totally
stubborn agent). Note that stubbornness is different from the
so-called self-appraisal [31] (i.e., the weights of self-loops w;;
in (1)), representing how much the agents support their current
opinions (instead of the initial ones) in the update law.
Let Gw be the graph associated to W in the FJ model.

Lemma 1 [44] Assume 6; € [0,1] for all i = 1,...,n, and
0; > 0 for at least one i. If Gy is strongly connected, then
(a) (I —©)W is Schur stable, i.e. p(1—O)W) < 1,

(b) The matrix V = (I — (1 — ©)W)~10 is stochastic,

(c) y(oo) =limy 10 y(t) = Vy(0).

Lemma 2 [57] Let all the conditions of Lemma 1 hold. If
0; = 0, it holds V}'i = O,Vj e V. If@Z >0, Vy; >0, and
for j # i, Vi; > 0 holds if and only if there exists a path
i — J1— jo — -+ — ju = j such that 0;, < 1,Yh € [H].

C. Game theory and variational inequality

The definitions about strategic games are from [39].

Definition 1 (Strategic game) Given

o a finite set of players V,
e an action set A;CRM for each i €V, and
o a utility function u; : A — R for each i € V, with
A= HjevAj C RMlv‘,
the tuple (V, A, (u;)) is called a strategic game.

Any a = (a;);ey € Ais called an (action) profile, for which
each a; is an action. Given i € V, we use a_; = (a;) e\ (4}
to denote the collection of actions of all agents but ¢. With a
slight abuse of notation, the utility function u;(a) is sometimes
denoted w;(a;,a_;) to emphasize its dependency on a;.

Let u(a) = (u;(a))icy € RIYI be the vector of all
utilities w.r.t. the profile a. If the utility functions wu; are
all differentiable, the pseudo-gradient mapping of the game
(V, A, (u;)) is defined as Vau(-) : RMIVI — RMIVI | with

Vau(a) = (Va,ui(ai,a-;))iey, VvVaeA

In a strategic game, one important concept is that of NE,
which is a special action profile for which no player has any
incentive to change her strategy.

Definition 2 (Nash equilibrium) Given a strategic game
(V, A, (u;)), a profile a* = (a}),cy is an NE if ai €
argmax,, ¢ 4, wi(a;,a*;) holds for all i € V.

The following definitions come from [52].

Definition 3 (Variational inequality problem) Given a
closed and convex set ) C R™ and a mapping T : Q) — R",

the variational inequality (VI) problem, denoted V1(Q,T),
consists in finding a vector x* € ) such that

(y—x")T(x") >0, Yyeq,

and x* is called a solution of VI(Q, T). The set consisting all
of solutions of VI(Q,T) is denoted S(Q,T).

Given a mapping T : R™ — R", its graph is G(T) =
{(x,Tx) € R" x R" : x € D(T)}, where D(T') denotes the
domain of T. The mapping T is called monorone if (Tx —
Ty,x—y) > 0,Vx,y € Q, strictly monotone if the inequality
holds strictly, and (o-)strongly monotone if for some o > 0,
(Tx—Ty,x—y) > o|x—yl||* holds for all x,y € €. Given
a continuously differentiable function f : R — R defined
on a convex set ), it is called convex if its gradient operator
V f is monotone on 2, and strictly convex if V[ is strictly
monotone on .

With these definitions, the following result is a direct
application of Theorem A(b) in [36].

Lemma 3 Consider a sequence of VIs VI(Qy, Ty), with Ty,
monotone and continuous, ), convex and compact. Suppose
there exist a convex compact set §) and a monotone, continuous
operator T such that: i) Q C D(T); ii) Q. T Q C R, iii)
limg 00 G(Tx) = G(T); iv) Ty, can be continuously extended
to Q and is uniformly bounded on Q. If for each k > 0,
VI(Q4,T)) has a unique solution xj, and VI(Q,T) has a

unique solution x*, then limy_, o X = X*.

The next lemma is an application of Theorem 2.1 in [11].

Lemma 4 Let €y, C R" be a compact set indexed by
¥ € R, such that Qy, C §y, for any 11 < a. Consider
the VIs VI(Qy,T) for some T : Qo +— R™. Assume that
VI(Qo, T') admits a solution x*. Suppose that for some B, (x*)
with r > 0, the mapping T is strongly monotone and Lipschitz
continuous over Qo N B,.(x*). Then, there exists 1 > 0 such
that if 1 < 1, VI(Qy,T) admits a unique solution x in
Qo N By (x*), and limy,_,¢ Xy = x*.

The following lemma is from to (18) in [52], and gives the
relation between NE and the solution of the corresponding
variational inequality.

Lemma 5 Given the game (V, A, (w;)), if for each i € V,
o the action set A; is closed and convex;
o the utility function u;(a;,a_;) is continuously differen-
tiable in a and concave in a; for every a_;,
then, a profile a* is an NE of the game (V, A, (u;)) if and
only if al € S(A;, —Va,ui(-,a%;)),Vi € V, or in compact
form, a* € S(A, —Vau(")).

ITI. MODEL AND PROBLEM FORMULATION
A. Social power game
Consider M independent discussions, with the same group
of participants described by an agent set V = [n]. For each

discussion, say for the mth discussion, the agents interact
with their neighbors over a graph G,,, = (V, &, W,,,), with
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Wo = [wijmlijev € RLG™ a stochastic weight matrix,
possibly varying with m € [M ]. The opinions of all agents are
collected in a vector X (t) = (x;,m(t))icv, with ¢ indexing
the time axis in the mth discussion. Based on the interactions,
each agent changes her own opinion, and the overall opinion
evolution is described by a FJ model, that is,

m(t + 1) = (I - @m)mem(t) + @mxm(()),

where ©,,, = diag(61,m,02.m, - - -, 0n,m) represents the stub-
bornness of each agent, i.e., the attachment to their initial
opinions x™(0), with §; ,,, € [0,1] for all i € V and m € [M].
The following assumption is used throughout this paper.

Assumption 1 For all m € [M)], the graph G,, is strongly
connected, with each node having a self loop, ie., w =
min ey Wijm > 0.

me[M]

Define w := max ; jey wW;j,m as the maximum link weight
me[M] . .
over all the graphs. Under Assumption 1, it must be w < 1.

Note that the assumed strong connectivity and existence of
self-loops are commonly used in literature [13], [44], [45].

Under Assumption 1, the opinion vector for each FJ model
converges [44], [23]. Moreover, if there exists some 6; ,, > 0,
from Lemma 1, the solution of the FJ model will be

x™(00) 1= tlirrolox (t) = P,,x™(0),
with
Pr=Q.'0m Qun=I-01-0,)Wn (2
According to Lemma 1, P,, is a stochastic matrix. Let

sAnml, (3)

with P;m,Qim being the ith columns of P, and Q'
respectively. Each entry pj; .., of p; ., represents the influence
of agent 7’s initial opinion on the final opinion of agent j. In
this sense, the matrix P,, encodes the social power of each
agent [31], [56]. In this paper, we follow the definition of
social power from [56]. Given an agent ¢ € ), her social
power in the mth discussion is

1
i = —1 Pim. “)

Pm = [pl,ma"'vpn,m]a :n,l = [ql,ma"'

Remark 1 In the mathematical sociology literature, the term
social power can be given different meanings from the one
of this paper [21]. The definition (4) provides a metric strictly
tailored to the FJ model and available in closed form once p,,
is given. Intuitively, the social power defined in (4) represents
an agent’s average influence on the opinion outcome of the
group, including the impact on her own opinion.

In this paper, it is considered that the agents can decide
how much stubbornness will be devoted to each discussion, in
order to obtain the highest total social power over all the M
discussions. To avoid trivial solutions, it is assumed that the
total amount of stubbornness of each agent ¢ is bounded by a
constant K; € (0, M), i.e., Z%Zl 0;.m < K;. In more detail,

we investigate a strategic game defined as follows:

Action layer:
K, K, K3 Ky Ks

011 y
! P11 P12

Opinion layer: 012

>

x(n—>x<x

SP1,am

01,0

e
K )

U]—b x2

e

1(0) —»x"(x)

Fig. 1. The hierarchical representation of a 5-player social power game.

« Players: the agents are involved in all the M discussions,

ie., V=n|;
« Actions: for each agent ¢ € V, the feasible set of her
actions is
Ai = {02 = (01'717 92"2, e 792"M)T S.t.
M
Z oi,m < K; and Hi,m S [0, 1],Vm S [M]}
m=1

« Utility functions: the utility of each agent ¢ € V is the
corresponding total social power, i.e.,

Z szm 02’0 )

The strategic game (V, (A;), (ul)) belongs to a class of games
which we call social power games, as they have the social
power as utility. Note that each graph G,, is fixed.

u;(0;,0_;

Remark 2 The social power game (V,(A;), (u;)) adopts a
two-layer hierarchical structure, with an action layer deter-
mining the allocation of stubbornness, and an opinion layer
reflecting the opinion evolution described by the FJ models.
This structure is shown in Fig. 1 for a 5-player special case.
In fact, an FJ model can be regarded as the best-response
dynamics of a quadratic game [24]. The formulation of social
power game thus resembles that of hierarchical games [10],
[27], with each FJ model in the opinion layer corresponding to
a quadratic subgame, affected by the actions of all agents (i.e,
{6;}) in the action layer. Different from classic hierarchical
games such as leader-follower games [30], the players in both
layers of the social power game are the same, and the cost
functions in the action layer are not affected by the equilibrium
states of the opinion layer directly, but determined by the social
power that is independent of specific opinion values.

Remark 3 From the definition of social power in (4), it is
easy to see that ) ., u;(#) = M holds for any 8 € (A;). This
means that the social power game is a constant-sum game, and
hence, it is strategically equivalent to a zero-sum game.

B. Problem of interest

For the social power game (V, (A;), (u;)), a first problem
of interest is the existence and uniqueness of the NE. As will
be shown in the following, the cost functions of the game are
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discontinuous on some boundary points of the feasible set of
action profiles. Therefore, standard analysis for convex games
cannot be applied directly to our social power game. For this
reason, we propose below some conditions that guarantee the
existence and uniqueness of the NE. Another related problem
is to understand the best response of each agent i, that is,
given the actions of the other agents, what action should agent
1 take in order to maximize her total social power? Here action
means allocation of her budget of stubbornness across the M
discussions. Written in a mathematical form, the following
optimization problem needs to be solved

M
Minims . ) 0.
m;fmze Z:lspz7m(0z,0 i)
m= o)

M
s.t. Z Oim < Ki; 0<0;m <1, Ym € [M].
m=1

Here 6_; is fixed, and sp, ,, is a function of #;, or more
specifically, 0; ..

IV. EXISTENCE AND UNIQUENESS OF THE NE

In this section, first we deal with the social power optimiza-
tion problem (5), then the results are applied to investigate the
properties of NE for the social power game (V, (A;), (u;)).

A. Single meeting

Before going to more general cases, consider a single FJ
model as the simplest case, i.e., M = 1. A straightforward
intuition is that more stubbornness will result in a higher social
power. The intuition is proved rigorously in this subsection.

For the simplicity of notation, we omit m in the subscripts,
and use W, ©, sp, to represent the weight matrix, stubbornness
matrix and social power of agent ¢, respectively. Moreover, we
use 0; instead of @; to indicate that the action of agent i is a
scalar.

Theorem 1 Consider the social power optimization prob-
lem (5) with M = 1. Let Assumption 1 hold. If there exists
J # 1 such that 6; > 0O, the solution to the problem (5) is
0; = K;; otherwise any 0; € (0, K;] is the solution of (5).

The proof of Theorem 1 is given in Appendix A.

Remark 4 Theorem 1 implies that §; = K, is the only
dominant strategy of agent . Therefore, the social power game
(V, (A;), (u;)) has a unique NE, i.e., 8* = (K;);cy, regardless
of the underlying network topology.

B. Multiple meetings: existence of the NE

Assume M > 1. It is hard to give an analytical solution
to the problem (5). However, as shown in the following, the
problem (5) is a convex optimization problem.

Proposition 1 Consider the social power optimization prob-
lem (5) with M > 1. Let Assumption 1 hold. The cost
function —u;(6;,60_;) is convex in the argument 8; € [0,1]M.

Moreover; if for all m € [M)], there exists j # i such that
0;m > 0, then the cost function is strictly convex.

The proof of Proposition 1 is given in Appendix B.

According to the well-known result in [49], if a strate-
gic game has continuous and convex cost functions, then
an NE must exist. However, for the social power game
(V, (Ai), (u;)), the cost function —u;(-,0_;) is discontinuous
on the boundary profiles corresponding to all the other agents
taking zero stubbornness in some FJ model.

ogs . 0 0 —
Proposition 2 Consider a profile 6° € (A;) such that 0}, =

0,Vi € V for a given mg € [M|]. For any i € V, the cost
function —u;(-,6°,) is discontinuous at 6.

The proof of Proposition 2 is given in Appendix B.

Remark 5 In general, for a strategic game, discontinuity of
the cost functions on even one boundary point could lead to
inexistence of (pure) NE, see Sion’s example in [54]. Towards
this problem, various existence conditions have been proposed
[12], [46], [47]. However, none of them can be applied directly
to the game in this paper. For instance, the condition in [12]
requires the lower semi-continuity of the so-called “value
function”, which is hard to verify for the social power game
(V, (A;), (u;)). The condition in [46] instead requires that
for all §; € A;, u;(6;,6_;) is lower semi-continuous in the
argument 6_;, which does not hold when we take 8 = 0.

To prove the existence of the NE in this paper, we first
consider a constrained game (V, (A?), (u;)), and then use it
to approximate the original social power game (V, (A;), (u;)).
Specifically, (V, (A?), (u;)) is a social power game with the
same utility (or cost) functions as those in (V, (A;), (u;)), but
the action profile A° is a subset of A, defined as

A= (AD), AD:=[5,1MNnA §>0.

This means that each agent should have some stubbornness,
which is different from (V, (A4;), (u;)).
From Theorem 1 in [49], the following proposition holds.

Proposition 3 Consider the constrained social power game
(V, (A%, (u;)). Under Assumption 1, an NE exists.

Furthermore, any NE of the constrained social power game
is bounded away from O even for an arbitrarily small 4.

Lemma 6 Consider the constrained social power game
(V, (A?), (u;)). Let Assumption 1 hold. For any of its NEs,
denoted as 0°* = (62*), there exists an € > 0 such that for all
6 € (0,1) and m € [M], it holds max;cy 0%, > €> 0.

The proof of Lemma 6 is given in Appendix B.

Remark 6 The idea of the proof is to show that if all agents
take small stubbornness at some meeting, there must be an
agent who can increase her overall social power by being more
stubborn at the meeting. From the proof, € can take any value
such that :=21Tq; ,, > M Vm € [M], which does

minjey K’
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not depend on é. Moreover, the proof still holds for § = 0,
that is, any NE 8* of the social power game (V, (A;), (u;)
satisfies max;ey 07, > € > 0,Vm € [M].

With Lemma 6, the following theorem can be obtained.

Theorem 2 (Existence of NE) Ler M > 1. Under Assump-
tion 1, the social power game (V,(A;), (u;)) admits an NE.

The proof of Theorem 2 is given in Appendix C.

From the proof of Theorem 2, it can be seen that as 6 — 0,
any accumulation point of the NEs of the constrained social
power games (V,(A?), (u;)) becomes an NE of the social
power game (V, (A;), (u;)).

If the underlying graph is fixed, i.e., Wy = -+ = Wy,
an NE for the game (V,(A;), (u;)) can be that each agent
allocates her stubbornness equally over all the meetings, as in
the following Proposition 4.

Proposition 4 Consider  the social ~ power  game
(V, (A), (u;)) with a fixed graph G for all m € [M].
Let Assumption 1 hold. The game has the NE 0* = (07), with
0; = £i1 forall i € V.

The proof of Proposition 4 is given in Appendix C.

In Proposition 4, the equilibrium strategy of each agent is
to allocate her budget of stubbornness evenly over all the
FJ meetings. From the proof, the NE is generated by the
convexity of the cost functions. This can also be understood
intuitively: given that the network structure is issue-invariant
and all the other agents take the equilibrium strategies, there
is no particular benefit to be gained from assigning a greater
degree of stubbornness to any particular issue.

C. Multiple meetings: uniqueness of the NE

Given a strategic game, we are also interested in whether
the NE is unique or not, if it exists. For the social power game
(V,(A;), (u;)) with general and heterogeneous underlying
topologies, the answer should be no, as indicated by the
following example.

Example 1 Consider a 2-player game (V,(A;), (u;)) with
V = {1,2}. Let K; = 3.4,K» = 0.45 and M = 5. The
weight matrices are W; = Wy = W3 = 0.5117, and

0.95 0.05 .
Wy = Wy = ( 0.95 0.05 ) It can be verified that the

two profiles 8* and 0" are both NEs, where
67 =(1,1,1,0.2,0.2)", 63 = (0.15,0.15,0.15,0,0) " ;
6, =(1,1,1,0.19,0.21) ", 6, = (0.15,0.15,0.15,0,0) .

In fact, all convex combinations of 8* and 0" are NEs.

Remark 7 For the NEs shown in Example 1, agent 2 always
chooses to be non-stubborn for the last two meetings. Intu-
itively, this is because agent 1 takes a significant advantage
(in the sense of gaining more social power) from the overall
stubbornness budget and the edge weights for the meetings
4 — 5, which forces the agent 2 to put all her resource into

the meetings for which it is easier for her to get more social
power (i.e., the meetings 1 — 3). This advantage of agent 1
also gives her more “freedom” to act in the meetings 4 — 5,
and results in multiple NEs. |

Example 1 indicates that for the social power game
WV, (A;), (u;)) to admit a unique NE, one needs to exclude
the case that for some meetings only one agent is stubborn,
while all the others stay silent (i.e., non-stubborn). Technically,
the assumption is stated as follows, and will be discussed in
more detail in the following Subsection IV-D.

Assumption 2 Let 0* be any of the NEs of the social power
game (V,(A;), (u;)). For any m € [M)], there exist at least
two agents iy,1s such that 07 0r > 0.

i1,m? Vig,m

Assumption 2 is not enough to guarantee the uniqueness
of NE. We need to consider the pseudo-gradient of the cost
functions in (5), i.e., —Vau(d) = —(Vg,u;(0));cy, where
Vo, ui(0) = (asgéil(o),...,asg;’i‘jfw(o))T, Vi € V. Note that
—Vu(@) is well-defined for all 8 € A°, where A° is the set
of action profiles with at least two agents being stubborn in

each meeting, i.e,

A°:={0e A:0< I&E@(Gi}m < ;9i,m7 Vm € [M]}.

Denote J(6) € R*M*7M the Jacobian of the pseudo-gradient
—Vgu at 8 € A°. The following assumption is made in this
subsection.

Assumption 3 For all 0 € A°, there exists () > 0 such
T
that M = o(0)L

Note that Assumption 3 is a technical condition that is
widely used in uniqueness analysis of NE, see [19], [52] for
instance. Under Assumption 3, the pseudo-gradient —Vgu(@)
on any constrained action set (Af) becomes strongly mono-
tone, as shown in the following lemma.

Lemma 7 Consider the constrained social power game
WV, (AY), (u;)). Let Assumptions 1, 3 hold. The pseudo-
gradient mapping —Vu is os-strongly monotone, with o5 =
minge 45 o(6) > 0.

The proof of Lemma 7 is given in Appendix D.

Given that —Vgu is strongly monotone, the variational
inequality problem VI(A% —Vgu) has a unique solution,
which, combined with Lemma 5, directly gives the following
proposition.

Proposition 5 Let Assumptions 1 and 3 hold. For any 6 €
(0,1), the constrained social power game (V,(A?), (u;))
admits a unique NE.

With Proposition 5, the uniqueness of NE for the social
power game (V, (A;), (u;)) can be obtained.

Theorem 3 (Uniqueness of NE) Let Assumptions 1-3 hold.
The social power game (V,(A;), (u;)) has a unique NE.
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The proof of Theorem 3 is given in Appendix D.

The proof of Theorem 3 relies heavily on Assumptions 2
and 3, which are however challenging to be verified for general
network topologies. One might ask in what sense Assumptions
2 and 3 are valid. For this question, we will first propose
some sufficient conditions for achieving Assumption 2 in the
next subsection, and then study some special networks as
applications of Assumptions 2 and 3 in Section V.

D. Sufficient conditions for Assumption 2

Assumption 2 is a requirement on the properties of NEs,
which is an indirect assumption, in the sense that it cannot be
verified directly from the parameters of the game. Neverthe-
less, Assumption 2 will be satisfied if the following assumption
is added to the game.

Assumption 4 For the social power game (V, (A;), (u;)), at
least one of the following conditions holds:
1) there are two agents 1,12 € V with K;,, K;, > M —1;
2) there are two agents i1,i2 € V with K;  ,K;, >
max;cy K; — € where € is the constant defined in
Lemma 6.

Lemma 8 For the social power game (V,(A;), (u;)), if As-
sumptions 1 and 4 hold, Assumption 2 must hold.

The proof of Lemma 8 is given in Appendix E.

Assumption 4 only makes constraints on the stubbornness
budgets {K; : i € V}. As a special case, if all the agents have
a same stubbornness budget, i.e, K; = K; for all 4,5 € V,
Assumption 4 will be satisfied.

When taking also the network topologies into account, we
need to define i’ = arg max;,, K; (here we consider the case
that only one agent has the maximum stubbornness budget)
and for 7 # 7/,

K
711 = 1T im - 91 m = ! 9
Gi = max {1 dim : im = 37—
Om =1 and 05 =0V £i'} ()
.= mmin ].T imzeimzoa
gl mE[M]{ @, ’

ei’,wn =1 and ej,m = O,V.] 7é ivi/}

As 0, ,, = 1, the matrix (I—0,,,)W,, is strictly substochastic.
Therefore, for each ¢ # i’ and m € [M], q;,., is well-defined
in (3). Due to the fact that [M] is a finite set, both ¢; and g,
are well-defined. a

Assumption 5 For the weight matrices {W,, : m € [M]}
and stubbornness budgets {K; : i € V}, it holds q; < q; for
all i € V.

Lemma 9 For the social power game (V,(A;), (u;)), if As-
sumptions 1 and 5 hold, Assumption 2 must hold.

The proof of Lemma 9 is given in Appendix E.

Lemmas 8 and 9 give two concrete cases in which Assump-
tion 2 holds. Intuitively, Assumption 4 requires that no agent
has resource of stubbornness that is overwhelmingly larger

than the others’. Assumption 5 is rather technical. In fact, it
is easy to see that the entries of each q; ,,, are monotonically
decreasing with 6; ,, (given 0; ,,,Vj # i). Therefore, g; < q,
implicitly requires that for each m € [M], 1" q; ,, should

decrease sufficiently when 6, ,,, changes from 0 to le

—1°

V. RANK-1 COMPLETE GRAPHS

In this section, we focus on complete graphs to give more
insights of the conditions in the last section. The best-response
dynamics for each agent is also investigated. The complete
structure can be used to describe the interactions in many real-
world meetings (see [6], [5] for applications on the UN climate
talks), in which all attendees make speeches and are heard by
the others. Moreover, for the simplicity of technical analysis,
we assume that the weight matrices are all of rank-1.

Specifically, let the rows of each W,, be identical, i.e.,
W,, = 1c,, with ¢,, = [cim] € RZ, satisfying c,,1 =
1,¥m € [M]. According to the Sherman-Morrison formula
[53], given 8 € (A;) and ©,, = diag(01,m,-..,0nm), the
matrices P,, and Q,, can be calculated as follows:

(I- @m)lc;l@m (I- @m)lc;

C;—,L@m]_ C;;@m]-

(7

Pm:®m+ aQ;ll:I""_

From (6), we can further obtain

{1 . (n —2)cirm + (1 — 7555 )cim }
} b

4, =n

Cir m + 70;\/}”7[?

ci,m¥&
M—1

i

c;r +(LK1' —1)e;
which gives ¢. — ¢ = maXpep) " “"}.

Cit m+
Therefore, Assumption 5 is satisfied if

M—-1

K; > , 1EV.
n

This will be made as an assumption throughout this section.

A. NE properties

First, we consider the constrained social power game
(V, (A?), (u;)). The following lemma can be obtained.

Lemma 10 Consider the constrained social power game
WV, (A%, (u)) with W, = 1CIL,Vm € [M]. Ifc,, > 21
holds for all m € [M], with & satisfying

1

a> 5 a757) ®)
1+ (n—l)(2:£—o¢262)

the pseudo-gradient mapping -Vou is @-stmngly monotone

on (A?), where B(-) is defined as in (22), with b = ad.

The proof of Lemma 10 is given in Appendix F.

From the proof of Lemma 10, we know that Assumption 3
is satisfied for A°. Applying Proposition 5, the following
corollary is immediately obtained.

Corollary 1 Consider the constrained social power game
(V, (A9), (u)) with Wy, = 1c,,,Ym € [M]. If ¢,y > 21
holds for all m € [M], with & satisfying (8), the social power
game (V,(A?), (u;)) has a unique NE.
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Now we turn to the original social power game
(V, (A;), (u;)). Tt is easy to see that if @ = 1, the inequality
(8) is satisfied for any 6 € (0,1). This, combined with
Proposition 4 and Theorem 3, implies that if the underlying
network is a fixed complete graph with uniform weights over
all the agents, the social power game (V, (A;), (u;)) admits a
unique NE, as shown in the following theorem.

Theorem 4 Consider the social power game (V,(A;), (u;))
with K; > M= Vi € V and W,, = 2117 ,¥m € [M]. A
unique NE 6 = (07) exists, with 07 = T+ l,VZ eV

Uniform weights mean that the agents have the same
network eigencentrality. In this sense, Theorem 4 indicates
that if the agents are of the same importance in the network,
the unique NE of the social power game must be that each
agent assigns her resource of stubbornness equally over all
the meetings.

Again from the proof of Lemma 10, it can be seen that for
Assumption 3 to be satisfied, it suffices to let each %
be positive definite over .4°. With this idea, for the case that
n = 3 (i.e., the number of participants in the meetings is 3),
the following theorem can be obtained.

Theorem S Consider the constrained social power game
WV, (A), (u;)) with n = 3 and W,,, = lcT ,Vm € [M].
Let Assumption 1 hold. Assume that K; > 1 Vi e V. If
3¢cim > Zh# Ch,m hold for all i € V and m € [M], the
game admits a unique NE.

The proof of Theorem 5 is given in Appendix F

Recall that for general multi-player (i.e., more than 2
players) constant-sum games, there is no simple rule to guar-
antee the existence and uniqueness of NE. For our 3-player
social power games over complete graphs, which is a special
case of constant-sum game, Theorem 5 gives some sufficient
conditions that are easy to verify, i.e., K; > %,302-7,% >
Zh# Chom, Vi € V,m € [M].

B. Best-response dynamics

For a strategic game, another important problem is how the
players will learn to play the game. If the game is repeated, a
well-studied learning process is best-response dynamics, under
which the NE can be achieved for some special games such as
potential games [49], [33]. This subsection characterizes the
best-response dynamics for the social power game.

Consider an agent ¢ € V. Given the actions of the other
agents, the best response of ¢ is the solution of the optimization
problem Eq. (5), or by taking the explicit form W,,, = 11c,,
into it, the following

— Si,m

T —0;
Minimize E & m( ! m)
0;

C'Lmezm'l'sz

©)
S.t. Z 07;77,1, = Ky; 0 < 97;77” < l, VYm € [M]

where the values of r;,, = Zh# ChymOnm and s; ., =
Zh# Oh,m do not depend on 0; ,,,. Moreover, define ¢; ,,, :=

}1/ Pm T CimTim(n — Sim), Vm € [M]. By considering
the Laplacian function of (9) and exploiting the KKT con-
ditions, we can obtain the following theorem, for which the
detailed proof is omitted for the lack of space.

Theorem 6 Consider the social power optimization problem

(9) with s;m > 0 for all m € [M)]. There exists a unique

division of the set [M], [M] = MU M, U M;, such that
1) if m € Mo, it holds == < ¢,

2) if me M,, ltholds$<§<

3) if me My, it holds ¢ < —tim

Ci,m+Ti,m’
£ 2
LmeM*
=Mt e T g
| M. Moreover; the optlmlzatlon problem (9) admits a unique
solution 07 € [0, 1]M, with

0, ifme M,
£ I .
bim =\ Gme ~em I EM

1, if me Mj.

Z’iﬂn
. »
Ti,m

i,m

where ( is defined as ( :=

with M, =

Ti,m »

(10)

The meaning of the parameter ( is that, when taking the
best-response strategy, the marginal increase of social power
on the meetings in which agent ¢ is partially stubborn (i.e.,
0; m € (0,1)) are all equal to ¢?. In fact, by taking the partial
derivative of the cost function in (9) w.r.t 0; ,,,, it can be seen
that the marginal b2eneﬁt of being more stubborn at the m-th
meeting is m Therefore, Theorem 6 says that
agent ¢’s best response is to be non-stubborn (fully stubborn)
when the marginal benefit is less (larger) than (2.

Remark 8 Theorem 6 indicates that the parameter 7; ,,, as
the sum of stubbornness of the other agents weighted by their
network centralities (cj,m,j 7 7), plays an important role
in determine the best response of agent ¢. In particular, if
7;.m 18 small, ¢; ,, becomes small and thereafter, cl%
becomes small. For this case, any optimal strategy of agEHt
¢ will have 6;,, € (0,1) instead of 6;,, = 1. Intuitively,
the reason is that agent ¢ can obtain a high social power by
being mildly stubborn at the meeting when the other agents
have low network centralities or do not put much stubbornness
resource onto it. Therefore, a better strategy for agent ¢ is to
save some resource in meeting m for the competition in the
other meetings.

Remark 9 Theorem 6 does not specify a clear form of
Moy, My and M.,. However, it gives an idea to solve the
problem (9) in finite time. To do this, first sort the indexes

H : i, m
of meetings along a decreasing order of G S,

i1,%9,...,ip, and sort the 1ndexes of meetings along an
increasing order of &, S, say, i Li2,...,iM. Second, we go

through the two sequences construct M1 (M) by adding
each 7,, (™) to it one by one, and check if the conditions 1)-
3) in Theorem 6 are satisfied. Due to the existence of a solution
for the problem (9), this conditions should be satisfied in finite
time, and we can then calculate all 67, in M..
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Fig. 2. Plot for Example 2. Each curve corresponds to a trajectory of 61 .,
generated by the best-response dynamics.

Example 2 Consider a social power game (V,(A;), (u;))
with 5 players, i.e., V = [5]. Let M = 5. For each
m=1,...,5 let W,, = lcjn, with ¢,,, = 0.5e,,, +0.11 being
a simplex. The agents have the same stubbornness budget, i.e.,

K;=12,Vi=1,...,5. First, choose the initial stubbornness
profile @ (each column corresponds to an agent) as
0.3 0.37 0.01 0.25 0.25
0.23 0.15 0.28 0.15 0.13
0= 035 0.46 0.05 0.46 0.15
0.19 0.18 0.48 0.03 0.41
0.13 0.04 0.38 0.31 0.26

Then, let each agent follows the best-response dynamics. The
trajectory of @, is shown in Fig. 2(a), from which it can be
seen that §; converges. In fact, in the simulation, § converges
to 0.19667 +0.200711 7 (some remaining digits are omitted),
which can be verified to be close to an NE. This also aligns
with Remark 8, as in the equilibrium strategy, each agent
is not totally stubborn in the meeting that he/she has high
network centrality (i.e., m = ¢, in which ¢;,, = 0.6).
However, the convergence not necessarily occurs. If we choose
the initial stubbornness profile € as

0.14 04 0.03 0.09 0.22
0.01 0.1 0.5 0.18 0.29
6= 019 0.02 025 0.15 0.07 ,
0.4 00.31 0.04 0.3 00.29
0.46 0.37 0.38 0.48 0.33
the best-response dynamics will oscillate, as shown in

Fig. 2(b).

VI. CONCLUSION

This paper studied a social power game for parallel FJ
models, in which each FJ model describes an opinion evolution
process disjoint and independent from the others, but involving
the same agents. The scope of the game is to allocate a
budget of stubbornness across the parallel FJ models so as to

maximize the sum of the social powers achieved in the models.
Under this formulation, the social power game becomes an
n-player constant-sum game, with a cost function which is
discontinuous on some boundary point of the action space.
In spite of the lack of continuity, we were able to prove that
an NE exists for the game by approximating the NEs with
a sequence of continuous convex games. Additionally, if the
pseudo-gradient mapping inside the action space satisfies some
strict monotonicity assumptions, the uniqueness of the NE is
also guaranteed. These conditions were further applied to the
case of rank-1 complete graphs, for which the best response
dynamics of the social power game was characterized. Note
that the game considered in this paper is static essentially. An
interesting future direction is to extend the model to an online
scenario in which the agents need to take actions dynamically.
Another interesting direction is the reverse problem—inferring
network structures from observed actions using general net-
work learning methods such as those in [60], [50], which
could further broaden the applicability of the social power
game framework.

APPENDIX A
PROOF OF THEOREM 1

If 6; = 0 for all j # 4, for any 6; > 0, it must be sp, = 1,
which is the upper bound of any social power by definition.
Therefore, any 6; € (0, K;] is a solution of (5).

Consider the case that there exist j # 4 such that 6; > 0.
According to Lemmas 1 and 2, Q =1— (I— ©)W and P =
Q1O are well-defined. The social power of agent i is sp; =
%ITPei. To prove that the only solution to the problem (5) is
0; = K, it suffices to prove that sp,(6;,6_;) is monotonically
increasing with relation to ;. This obviously holds at the point
; = 0, since sp;(0,0_;) =0 < sp,(6;,0_;) for any 6; > 0.

We now consider 6; > 0. From the derivative of matrix

inverse, i.e., % = —Q_lg—gQ_l, we have
oP Q! 2100 L Ta-t
o6, ~ o6 O TQ gg T T e WQTO )
+ Q_leieiT = —Q_leie;WQ_l@ + Q_leie:.
Let W = [w;] = [wi,wa,...,w,],P = [py] =
[P1,P2,. .-, Pn] and Q' = [g;;] = [a1,92, - - ., qn]. Then,
op; _ _ _
go, ~("Q e WQTIOH Qo0 Jer
=—q;w; p; +q; = q;(1 — w; p;),
and if 6; > 0,
op; 1
Pl = pi(l—w/p)). (13)

20;  6;

Note that (I — ©)W is strictly substochastic. From the proof
of Lemma 2 in [43], (I — ©)W is Schur stable. Accordingly,
Q_l =1+ Z[(I - G)W]ka

k=1

and ¢; > 1,Vi € V, which gives 1Tq; = 1'Q le; >
1"e; > 0. From the strong connectivity of the graph, there ex-
ists a path j; = j — jo = --- = jg — 4. If 0, = 1, it holds

(14)

Authorized licensed use limited to: Universitaetsbibliothek der RWTH Aachen. Downloaded on February 24,2026 at 12:50:09 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2025.3631717

Piwi = 0, and W' p;i = Y, 0 wiepri < Dppj, wie < 1.
If g < 1, there must exist h € [H — 1] with 8, > 0
and 0, < 1,Yh’ > h. From Lemma 2, p;, ;. > 0, which
yields Pjmi < 1 due to the stochasticity of P. Therefore,
wpi < wjyi + Z,#H wiepe; < 1. From (12), we then

have %S(fl 117q;(1 — w'p;) > 0, ie., sp; is strictly

monotonically increasing with the argument 0;. The proof is

then completed. (]
APPENDIX B

PROOFS FOR PROPOSITIONS 1, 2 AND LEMMA 6

Proof of Proposition 1. According to the definition of social
power, given 6_;, SPi m is determined by 6; ,,. Therefore, it
suffices to prove that for all m € [M], —sp,,, is (strictly)
convex with relation to 6; ., € [0,1].

We first consider the case that 8_;,,, # 0 holds for all
m € [M]. Given m € [M], it is easy to see that sp, ,, is
continuously differentiable with relation to ¢; ,,,. We only need
to prove that the second order derivative of sp, ,,, is negative
for 8; ,,, > 0. For the simplicity, we omit the index m in the
following proof when there is no confusion. According to (11),
we have

0P 0" Twa-1 T Q!
CE =06 ee, WQ 'O —Q leje, W 26, S}
1
—QfleieIWQflgz 8;2& ee]
= 2Q_1eie;—WQ_1eie?WQ_1@
- 2Q_1eieiTWQ_1eieiT,
(15)

where P, Q are defined as in (2) and (3) (with the subscript
m omitted). Similar to the proof of Theorem 1, we have

28 Sp;
2 (06,)?

T T T T T
=1 q,w, q;w; p; — 1 q;w,; q; (16)

= fquiw:qi(l — w:pi) < 0.

Therefore, —sp, is strictly convex with relation to 6;.

Now we consider that for some m € [M], 8_; ,, = 0. For
this case, the m-th FJ model degenerates to a DeGroot model.
It is easy to see that —sp, ,, = —&; , for 6; ,, = 0, with
&i.m as the m-th entry of the normalized left eigenvector of

W, that corresponds to the eigenvalue 1, and —sp, , = —1
if 0; m > 0. Therefore, —sp, ,, is convex for 6;,, € [0,1].
Combining all the arguments, the proof is completed. ]

Proof of Proposition 2. The notation in the proof of Propo-
sition 1 is followed. On one hand, we know that sp; ., =
&i.mo € (0,1) hold for all 4 € V. On the other hand, consider
6} = 69 + 5¢ for 6 > 0, where { € RM is chosen such
that 8 € A;, (m, > 0 and sgn((n) = —sgn(6?,,) for all
m # mg. Then we have that sp; ,,, (82,6°,) = 1 holds for
any small § > 0. Therefore, the function u;(-,8%,) is not
continuous at Y. O
To prove Lemma 6, the following lemma is needed.

Lemma 11 Consider the FJ model (1) with Gw as a strongly
connected graph. Assume that there exists i € [n] such that

0; > 0. Let Q' := (I-(I-©)W)~! = [g;;]. For any N >0,
there exist € > 0 such that if max;c(n) 0; < ¢, it holds that
¢ji > N forall i,j € [n].

Proof. Due to the strong connectivity, it holds limy_, Wk =
1£7 for some € > 0, and €1 = 1. There exists & > 0 such

that [[WK];; — &] < w for all & > k. Moreover, from
(14), it is
Q= (1 — max¥;) Wk
kZ:O(( ; i€[n]
o0 1 o0
> (1 —max6;)"WF > =) (1 — max6;)F1£"7
> —;;( max ;) 5 ;c( mex6,)"1¢

k
(1 — maxie[n] 91)

2 maxie[n] 0,'

where the third inequality is from Wk > 1eT —
%["]5"11T > 1§T Therefore, for VN > 0, if we choose

min; e, . . . .
€ = min{ ﬁ} the desired conclusion is obtained..]

Proof of Lemma 6. We use the proof of contradiction.
Suppose that for any e > 0, there exists § > 0 such that
max;ecy 0%, < e for some m € [M]. For each ¢ > 0, choose
(any) one of such pairs (§, m), denoted as (6(¢), m(e)) to
indicate their dependence on e. Without loss of generality,
suppose € < min;ecy %

Let

i(e) = argmin sp; m(s)(o‘s(e)*)
eV

It must be Spi(e),m(e) (06(5)*) < %, that iS, ZjEV pji(e)m@(e) <
1. This, combined with (13), yields

OSD; 1, (1-w, T Pim) -
[ e e
1— wmim(d m=m(e)  (17)
> - 17 qim ez‘::ej(t;* , VieV,me [M],
m=m(c)

On the other hand, as e < min;ey L2, we can find m/(e) €
[M]\m(e) such that 6°9* = > 29 for which Eq. (13)

leads ¢ i(e),m’(e) M
eads to

OSP; m 1

_Tunm L < —— sp.

00;.m 0;0;8 ~ gl "Pim 0—°(9)*

m=m/(e) ie),m/(€) Z_:Z(,E() ) (18)
M M
< <

Koy ~ minjey K;’

According to Lemma 11, there exists € > 0 such that

1-@, ¢ M
1 Qim|g_gscorr > ——
n i=i(e) min;ey K
m=m(e)
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holds if max;ecy 6; (6)*) < & Vi € V. Therefore, if € < €, (17)
combined with (18) lead to
i(e) L &(e)x*
Vem<€)—em/(€) T vem(5>_em/(€)ul'(0i,07i ) i:i(ge)
01':913(5)*
8Spi,m

o aspi,m
B 8‘9L,m

08;.m

0—0%()*
i=1i(€)
m=m/(e)

M
min;ey K;

9—g5(a)x —
i=1i(€)

m=m(e)

19)

1—w_ o
2 1 Qi,m
n

> 0,

0:05(6)* -
i=1i(e)
m=m(e)
wherfz V(?m(ﬁ),em,(F>
the direction of em(g)

represents the derivative operator along
—€py(c)- This means that the directional

derivative Ve o—emio is strictly larger than 0. It is easy to
see that 6,

‘5(5)* +0(€m(e) — (o)) lies in the A% if & > 0
is small enough. Therefore, the best response action of agent
i(e) (i.e., solution of the optimization problem (5)) can not be

05((:)) *, when the profile of the other agents is 6° i

To summarize, if € < & 6°(©* can not be an NE which
leads to a contradiction. Thus, Lemma 6 must hold. |

APPENDIX C
PROOFS FOR THEOREM 2 AND PROPOSITION 4

Proof of Theorem 2. For any § > 0, let 0°* be an NE of the
constrained social power game (V, (A?), (u;)). We are going
to prove that any 6* = (8) € limsups_,o+ 0°* is an NE
of the social power game (V, (A;), (u;)). Note that the set
lim sups_, o+ 6°* is non-empty, since the action profile set (A;)
is compact and 6°* € (A;) for all 6 € (0,1). Choose {6}, :
k € N} such that limy,_, ., °** = 8*. From Lemma 6, there
exists a constant € > 0 such that for all k € N, m € [M], for
at least one agent ¢ € V/, it holds 05"* > €. Accordingly, for
all m € [M], there exists i € V such that 0F > €

If for some my € [M], there exists iy "V such that
0r > €and 07, =0 for all i # i, the following Claim

11,M71
1 holds, for which the proof is given below.

Claim 1: for all m # myq, if there exists iy # i3 such that
07, . >0, it must be 67 , = 1.

ig,m

According to Claim 1, for each m € [M], either 0} ,, =1 or
0* m > €while 8F = 0,Vi # i;. Obviously, for the agent 4,,
her somal power has reached the maximum (given the actions
of the other agents) and will not increase when changing her
action unilaterally.

We then consider an arbitrary i # 4;. For the simplicity of
symbols, let Q@ = A; and Qf = Afk7V/€ € Ny. Define the
cost functions ¢* : QO — R and ¢ : Q — R as

() = —ui(0%), () = —ui(-87,).

Here, with some abuse of notation, we omit the index 7 for
ck, c> and use the superscripts k, co to indicate their depen-
dence on 8°:*,0* . According to Proposition 1, ¢*(-),Vk €
N, and ¢*°(-) are all convex and continuously differentiable.
We can then define continuous operators T}, : Q2 — RM T
Q0 — RM as the derivative operators of c*(-) and ¢*(.),
respectively, that is

Tkoi = Vck(GZ), V01 S Qk; T01 = Vcoo(ol), Vﬂz e 0.

Observe that €, () are compact convex sets, and 2 1T €.
Henceforth, T, can be continuously extended to ) in the
way that T.0; = Tk(Pij 0,)), V8; € Q, where T}, is the
extension and Pjq, is the projection operator to (2. Note that

8;;)’ g _ —g°" and (%pl m\ 9_,=6+ , are continuous on Qy, and
Q, respectlvely, W.Lt 9“,1 for all ¢ # ¢; and m € [M], and
Osp; osp;

Tkai = - p171a 9 pl’Z\/l )T| _pOk*y
90, 1 00;ar " 0=
0sp; 1 Isp; m
Ta — _ 2 , 1, T .
¢ 891‘71 ’ 891,1\/[ ) |071707
Therefore, it holds that limy_, G(T) = G(T'). Moreover,
1 q;, m|o 5k* < I/Il%)éﬁ 1 q; m|977 =07, = QM
1 qi,m‘o_izeii < G,
where
C¢ :={diag(fy,...,0,) €[0,1]™":3j €V s.t. 0; > €}.

As C€ is a compact set and € is a constant that only depends
on {W,, : m € [M]} and {K; : ¢ € V}, it must be g; < o0.
This, combined with (13), further gives that T}, and 7T are
uniformly bounded. So far, all assumptions in Lemma 3 have
been verified. We then have limy_, oo S(Q, Tk) = S(2,T).
According to the equality between convex optimization and
variational inequality problems [52], given G‘s’c* (or 0*%,), the
solution of the optimization problem (5) is exactly S (Qk, Tx)
(or S(2,T)). Note that S(Q,, Tx) = {8°**}. Therefore, it
holds S(2,T) = {0;}, which is the solution of (5) given 8* .

From the arbitrariness of 4, it is proved that 8* is a NE.
If for all m € [M], there exists ji,jo such that
0% .. > 0, there exists N > 0 such that for all k > N, it

Jl m’ 7 j2,m
hold ij*m > 0“ = >0 and Hggtn > 912 ™ > (. Therefore, for
allie V,if k > N, u;(6;, 06’“ ) is contlnuously differentiable
on on Af’“ w.r.t 8;. Following the same arguments as above
(for ¢ # 41), it can be proved that §* is a NE.

Combining all the arguments, the proof is completed. [J
Proof of Claim 1. We use the proof of contradiction. Suppose
that for a my # my, there exists iy # 41 such that 0, ms >0
and 07 . < 1. According to the definition of 8%, for any

€ > 0, there exists N > 0 such that for all £ > N, it hold:

*
Ok * Ji1,my

Ha— >0; 0% <€ Vi o0
iy < e Ty g T g
Let
Crm, ={0© = diag(0y,...,0,) : 0; € [0,1],1 # 41, 142;
0F iy T 1 07, ms
6;, €10, f] 0;, € [T’l]}'
For each ® € C(,,,, according to Lemma 2, it must

be pi,msle,,=0 < 1. As Cp, is a compact set,
we have maxe,, ec,,, Pii,m; < 1, which further gives
T T
MaXe,,, €Cmny Wiy myPir,ms < 1. From (13) and 1" q; ,,, > 1,
for each £ > NN, we obtain
-
1- MaXO,,, €Cmy Wiy, moPir,mo

> = by,

aoil,mQ 0:0%* n

aspil ;M2
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According to Lemma 2 and the continuity of matrix inverse,
for any o > 0, there exists ¢ > 0 such that for 8%* satisfying
(20), it is P;; m, |g—gsr+ > (1—0)1, correspondingly, if & > N
(N is chosen such that (20) holds), from (13) and (20),

95Di my 2 (1-w, o) < _ 20
90, = no* Wil,'rnlpll,m1 = * .
ir,m1 |g=@%k*  TWi m, nY; m,

Therefore, if we choose o such that

9f1 o < bip,, for all
k > N, the directional derivative

Si 20
Vem2_emlui(9i,0ji*) imiy 2 Dmg — Y > 0.
0,=0%" Ui ma

This means that #%* is not a NE, which generates the
contradiction. Therefore, Claim 1 holds.

Proof of Proposition 4. Consider any agent i. Let f;(6) be
her social power given that the underlying graph is G and any
other agent j’s stubbornness is % for all m € [M]. According
to Proposition 1, the function — f; is convex, which gives

M M 1
— ) spin(0:,07,) = M;(*Mﬁ(@,m))

m=1
| M
(37 > bim) =
m=1
The equality holds iff 6; ,, = X% for all m € [M]. Therefore,
agent ¢ has no incentive to deviate from ;. As the agent % is
arbitrarily chosen, the desired conclusion is obtained. O

K;
>-Mf; *Mfi(ﬁ)-

APPENDIX D
PROOFS FOR THEOREM 3

Proof of Lemma 7. Note that A° is a compact set, thus o5 >
0.Let#',0? c R"™ ¢ A% and () = >+ (1—)B" for any
a € [0, 1]. Define a function f(a) := —(6*—01)"Veu(6(a)).
Obviously, f(«) is continuously differentiable on [0, 1]. Ac-
cording to the mean-value theorem, there exists a* such that

F(1) = f(0) = f(a*) = (6 —0")TJ(B(a"))(6* — ")
_ (02 _ ol)TJ(e(a*)) —’_2J<0(a*>)—r (02 _ 01)
> 05)l6% — 6%,

that is, (82 —0%)T (Veu (') — Veu(6?)) > 050> —6||. The
arbitrariness of 81,02 then gives desired conclusion. (]

Proof of Theorem 3. Let 6* be an NE of the game
(V, (A;), (u;)). According to Assumption 2, for all m € [M]
, there exists 41,12 € V such that 67 .07 . > 0. Let
€ = minjey mem 07, and Be be the closed ball centered
at @* with radius §, i.e

By = {0 eR™ 60" < 5}

It is easy to see that (Bg NA) C .A° From a similar
proof to that of Lemma 7, the pseudo-gradient mapping
—Vpu is o-strongly monotone over B: N A, with ¢ =
minges, na0(@) > 0. Moreover, it is easy to see that
7V9u(02) is continuous on all § € A°. Since B: N A is

compact, —Vgu(f) is Lipschitz continuous over B N .A. As
0* is an NE, it must be 8* € S(A,—Vgu). Note that here
the values of —Vpu(@) on A\A° does not matter, thus can
be arbitrarily defined. According to Lemma 4, there exists
§ > 0 such that for any § < 6, VI(A%, —Veu) admits a
unique solution 6°* in Bs N A, such that lims_,o6°* = 6*.
On the other hand, from Lemma 5, %% is an NE of the
constrained social power game (V, A%, (u;)). According to
Proposition 5, (V, A%, (u;)) admits a unique NE. Therefore,
0* must be unique. O

APPENDIX E
PROOFS FOR THE LEMMAS IN SUBSECTION IV-D

Proof of Lemma 8. Let 8* be any NE of the game. According
to Remark 6, for any m € [M], there exists max;cy 07 >
0. To prove Lemma 8, it suffices to exclude the possibility
that there exist ¢/ € V and m’ € [M] such that 0, , >
0 and 07, = 0,¥i # 4. This is obvious if the condition
1) holds, which implies for the agents ¢; and 75, it must be
07, m> 0%, m > 0 for all m € [M]. For the condition 2), we
first note that if such m/ i’ exist, then for all m # m/, if
05, < 1, it must be 07, = 0,Vi # i, otherwise the social
power of i’ can be increased by replacing some stubbornness
from the meeting m’ to m. This also indicates that K;; > K;
for all ¢ # 4/, or being more accurate, according to Remark 6,
it holds K;» — K; > €. On the other hand, if the condition 2)
is satisfied, there must be at least one other agent " such that
o m > 03, — € Therefore, when either the condition 1) or
2) hold, for each m € [M], there are at least two agents 41, io
with 67 .07 ., > 0. The proof is then finished. O
Proof of Lemma 9. As in the proof of Lemma 8, it suffices to
exclude the case that for the agent ¢/ with K;; = max;cy K;,
it holds 6}, ., > 0 and 6, ,,, = 0, Vi # i’ for some m' € [M].
We use the proof of contradiction: assume that such 7', m’
exist. Then for each i # ¢/, there exists m € [M] such that
0 m > M . As proved in Lemma 8, it also holds 6}, |, = 1.
According to the definition of NE, the derivative of uz( 0x.)
along the direction of e,,» — e,, should be non-positive, i.e.,

Ve, —eni(0;,0" )|9 o
aspi,m/ aSPi,m
N 00, 0,=0; i 0,=0; D
= 17qimw 0,07 1 qim(1— WszL"L)’ei:oZ <0,
where the second equality is from the fact that p;,, = 0

(since only the agent ¢’ has positive stubbornness for the
meeting m'). On the other hand, from (14), it is easy to see
that 17 Qi,m (or 17 di,m) is decreasing w.r.t 6% , (or GJ m)
for all j € [M]. Therefore, it holds

6,/ =1 >

i/ ,m/

T T
1 Qim’ |g._, * >1 qi,m’

‘9J,m’_0,vj¢i

0,

il m=

T T
1 qi,m|0i:9{~ S 1 qi,m’
el,mefl
0;5,m=0,Vj#i,i’

According to Assumption 5, we then have qui,m/

0,07 =

a4, > G = 1" qim 9,—0" which leads to 17q; 0,—0° ~
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17qim(1 = W Pim)|y _p- > 0. This contradicts (21).

Therefore, the contradiction hypothesis does not hold. The

proof is then finished. (]
APPENDIX F

PROOFS FOR LEMMA 10 AND THEOREM 5

The following lemma is needed to prove Lemma 10.

Lemma 12 Given b,c € RY, with b™l =1,c"1 =1,
consider the matrix F' € R"*"™ defined as F := L;BC, with
C := diag(c) being a diagonal matrix and

B=I+11"T —1b" —b1'.
Suppose that for some b € (0,1] it holds b; > E Vi € [n].

L it holds

('n. 1)(2b b2)

If c > alforsomea>0w1tha>
F = B8(a)L, where

Bla) = [n + %(1 - %)(26 ~®)a—n.

Proof. Assume thatc > 21 for some o € (0, 1]. We then have
c=21+(1-a)d, withd = [dy,...,d,) >0andd"1 = 1.
The matrix F can be written as F = 2B + @(DB +BD),

with D = diag(d). It can be verified that ||B|| = p(B) < n,
since for any x € R", it holds

x ' Bx = x| + (1 = b) "x||* — b x|
< Jlx]I* + 111 = b) "x||* < nlx|.

Therefore, we obtain |DB + BD|| < 2||D||||B|| < 2n. On the
other hand, from (23), it holds

o™ x||* > (1 —[b]*) x>,
Asb > 21, it should be b = £1+(1—b)b for some b € RZ,
with le = 1. Therefore,

b 2b
IbI* = ——+ — +(
n n

(22)

(23)
x ' Bx > ||x||2 —

- 1. -
1-b)2|b[2<1—(1- ﬁ)(2b — ).
As a result, for any x € R", it holds
1. -
x " Bx > (11— —)(2b = b%)|[]* (24)

That is, Amin(B) > (1—
inequality [29], we have

1)(2b—b?). According to the Weyl’s

1. -
Amin(F) > %(1 — )20 - 8) — (1 - a) = B(a).
Therefore, if @ > W it must be Apin(F) >
B(c) > 0. The proof is then completed. O

Proof of Lemma 10. From Lemma 7, it suffices to prove

that OO S@1yg ¢ (A%). Note that J(B) =

DR W () (emeT), where J,,(0) € R"*" is defined

as [J,(0)];; == — 5&%8’”9((2, Vi, j € V. Therefore, we have
T T

M = ;%zl(M)@)(emeL), and it suffices

to prove ']’"'; m - Bl )I for each m € [M]. Hereafter in the

proof, when clear, we omit the index m for the simplicity of
notation.

14
According to Eq. (11), for j # i, we have
0%P _ _ _
26,00, ~ < ‘eje] WQ leie/ WQT'O
+Q leief WQ! eje ] TwqQte
—Q leie; WQ 'eje] —Q 'ejef, WQ!
which gives
d?sp; + 0°P
n = €;
00,00 00,00,
=1"qw, qw, p; + 1 q;w, q;w; p; — 1T q;w] q;.
' ' T (29
Applying (16), (25) to (7), we have
. aQSpi o |:20 + 22}16\2(1 — Qh)c%:| Zh#l Ch,eh,
(801-)2 ’ ZhEV crbh, n(ZhEV Cheh)2’
_ 9%sp; _ {C_ Ny 2Zhev( - eh)cz‘%}
00,00, it > hev hbhn
it B [c' n 2ney(1 - Hh)cic]}
n(Ypey cnfn)? ' > hev Chbh
1
nY ey chbn
(26)
This further gives that
[Jm + J;’n]“ _ |:20i + 2 Zhev(l - eh)cz2:|
2 ZhEV Choh
Zh;éi cnon [Jm + J;n] o Zh?ﬁi)j chOn @7
n(zhev 6}19}1)27 2 I n(ZheV Cheh)2
. [cl-Jrc] Yonev(l —Hh)clc]}
2 Zhev cnfn

where the subscnpt m is omitted in the right-hand side terms.
Let b; = W forall i € V and b = [by, ..., b,]". Note
hev ~h

that b; > ¢;0; > 2 and b1 = 1. The equations (27) become

Jm —|—J’
Z Cheh — i = [QCZ' Z cpbp, + 2012 Z(l — eh)]
hey hey heVy
J +J,
S(L=bi), n(> enbn)’[ S i = (= bi = by)
hevy
¢+ ¢y
Tj Z chOn + CiCj Z(l — Gh)] .
hey hey

(28)
Define B:=1+11" —1b' —bl'. The equations (28) can
then be written in the following compact form

I 4+ J0,
(Y enfh)* =" =

hev (29)
(S entn) (CB + BC) +5°(1 - 0,)CBC,
hey hey

where C = diag(cy, ..., ¢,). From (24) in the appendix, B is
positive definite, so as the matrix CBC. On the other hand,
according to Lemma 12, % = B(a), which further gives

% = @I. The proof is then completed. ]
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Proof of Theorem 5. With the previous arguments, Assump-
tion 2 holds. In the following we follow the symbols in the
proof of Lemma 10 (the subscript m is also omitted when there
is no confusion). It suffices to prove that the matrix B<£CE g
positive definite for all 8 € A°. For n = 3, according to (27),
we have

2cq (b2 + bg) ater bs ates by
BC +CB 2
7—; = ater b3 2¢o (bl + b3) LECS by
frres 263 bQ 762-563 b1 263(b1 + bg)
For the first row, we have
+ + 3
2C1(b2 + b3> _a 5 €2 bs — a 5 € by = §Cl(b2 + b3)
ba + b3

— %bg, — %bg > (361 — Cy — 03) > 0,

2

where the inequalities are due to 8 € 4°, which yields that
either bo or bs be positive. Similarly, it can be proved that
the inequality above holds for the second and third rows. This
means that w is strictly diagonally dominant matrix and
the diagonal elements are greater than 0. Therefore, m
is positive definite for all § € A°, which further gives that
w is positive definite. According to Theorem 3, the
social power game (V, (A;), (u;)) admits a unique NE. [

REFERENCES

[11 R. Abebe, T.-H. H. Chan, J. Kleinberg, Z. Liang, D. Parkes, M. Sozio,
and C. E. Tsourakakis. Opinion dynamics optimization by varying sus-
ceptibility to persuasion via non-convex local search. ACM Transactions
on Knowledge Discovery from Data (TKDD), 16(2):1-34, 2021.

[2] B. D. Anderson and M. Ye. Recent advances in the modelling and
analysis of opinion dynamics on influence networks. International
Journal of Automation and Computing, 16(2):129-149, 2019.

[3] Y. Ao and Y. Jia. Agents attraction competition in an extended Friedkin-

Johnsen social network. [EEE Transactions on Control of Network

Systems, 2022.

T. Basar. On the uniqueness of the nash solution in linear-quadratic

differential games. International Journal of Game Theory, 5:65-90,

1976.

[5] C. Bernardo, L. Wang, M. Fridahl, and C. Altafini. Quantifying

leadership in climate negotiations: A social power game. PNAS Nexus,

2(11):pgad365, 2023.

C. Bernardo, L. Wang, F. Vasca, Y. Hong, G. Shi, and C. Altafini.

Achieving consensus in multilateral international negotiations: The case

study of the 2015 Paris Agreement on climate change. Science Advances,

7(51):eabg8068, 2021.

E. Boix-Adsera, B. L. Edelman, and S. Jayanti. The multiplayer colonel

blotto game. In Proceedings of the 21st ACM Conference on Economics

and Computation, pages 47-48, 2020.

[8] W. Chen, Y. Wang, and S. Yang. Efficient influence maximization in
social networks. In Proceedings of the 15th ACM SIGKDD international
conference on Knowledge discovery and data mining, pages 199-208,
2009.

[9] L. C. Corchén. The theory of contests: a survey. Review of economic
design, 11:69-100, 2007.

[10] S. Cui, U. V. Shanbhag, and M. Staudigl. A regularized variance-reduced
modified extragradient method for stochastic hierarchical games. arXiv
preprint arXiv:2302.06497, 2023.

[11] S. Dafermos. Sensitivity analysis in variational inequalities. Mathemat-
ics of Operations Research, 13(3):421-434, 1988.

[12] P. Dasgupta and E. Maskin. The existence of equilibrium in discon-
tinuous economic games, i: Theory. The Review of economic studies,
53(1):1-26, 1986.

[13] M. H. DeGroot. Reaching a consensus. Journal of the American
Statistical Association, 69(345):118-121, 1974.

[14] S. Dhamal, W. Ben-Ameur, T. Chahed, and E. Altman. A two phase
investment game for competitive opinion dynamics in social networks.
Information Processing & Management, 57(2):102064, 2020.

[4

=

[6

=

[7

—

[15]

(16]

(17]

(18]

-[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

M. E. Dickison, M. Magnani, and L. Rossi. Multilayer social networks.
Cambridge University Press, 2016.

S. R. Etesami. Open-loop equilibrium strategies for dynamic influence
maximization game over social networks. IEEE Control Systems Letters,
6:1496-1500, 2021.

S. R. Etesami and T. Bagar. Complexity of equilibrium in competitive
diffusion games on social networks. Automatica, 68:100-110, 2016.
C. L. Evans. Leadership in committee: A comparative analysis of
leadership behavior in the US Senate. University of Michigan Press,
2001.

F. Facchinei and J.-S. Pang. Nash equilibria: the variational approach.
Convex Optimization in Signal Processing and Communications, page
443, 2010.

A. Fazeli, A. Ajorlou, and A. Jadbabaie. Competitive diffusion in social
networks: Quality or seeding? IEEE Transactions on Control of Network
Systems, 4(3):665-675, 2016.

S. T. Fiske and J. Berdahl. Social power. Social psychology: Handbook
of basic principles, 2:678-692, 2007.

A. Fontan and C. Altafini. A signed network perspective on the
government formation process in parliamentary democracies. Scientific
reports, 11(1):5134, 2021.

N. E. Friedkin and E. C. Johnsen. Influence networks and opinion
change. Advances in Group Processes, 16(1):1-29, 1999.

J. Ghaderi and R. Srikant. Opinion dynamics in social networks
with stubborn agents: Equilibrium and convergence rate. Automatica,
50(12):3209-3215, 2014.

A. Gionis, E. Terzi, and P. Tsaparas. Opinion maximization in social
networks. In Proceedings of the 2013 SIAM International Conference
on Data Mining, pages 387-395. SIAM, 2013.

M. Grabisch, A. Mandel, A. Rusinowska, and E. Tanimura. Strategic
influence in social networks. Mathematics of Operations Research,
43(1):29-50, 2018.

N. Groot, G. Zaccour, and B. De Schutter. Hierarchical game theory
for system-optimal control: Applications of reverse stackelberg games in
regulating marketing channels and traffic routing. IEEE Control Systems
Magazine, 37(2):129-152, 2017.

R. Hegselmann and U. Krause. Opinion dynamics and bounded confi-
dence models, analysis, and simulation. Journal of Artificial Societies
and Social Simulation, 5(3), 2002.

R. A. Horn and C. R. Johnson. Matrix Analysis. Cambridge university
press, 2012.

M. Hu and M. Fukushima. Multi-leader-follower games: models,
methods and applications. Journal of the Operations Research Society
of Japan, 58(1):1-23, 2015.

P. Jia, A. MirTabatabaei, N. E. Friedkin, and F. Bullo. Opinion dynamics
and the evolution of social power in influence networks. SIAM Review,
57(3):367-397, 2015.

D. Kempe, J. Kleinberg, and E. Tardos. Maximizing the spread of
influence through a social network. In Proceedings of the ninth ACM
SIGKDD international conference on Knowledge discovery and data
mining, pages 137-146, 2003.

J. R. Marden and J. S. Shamma. Game theory and control. Annual
Review of Control, Robotics, and Autonomous Systems, 1:105-134,
2018.

A. Matakos, E. Terzi, and P. Tsaparas. Measuring and moderating
opinion polarization in social networks. Data Mining and Knowledge
Discovery, 31:1480-1505, 2017.

A. Mirtabatabaei, P. Jia, N. E. Friedkin, and F. Bullo. On the reflected
appraisals dynamics of influence networks with stubborn agents. In
American Control Conference, pages 3978-3983, 2014.

U. Mosco. Convergence of convex sets and of solutions of variational
inequalities. Advances in Mathematics, 3(4):510-585, 1969.

C. Musco, C. Musco, and C. E. Tsourakakis. Minimizing polarization
and disagreement in social networks. In Proceedings of the 2018 world
wide web conference, pages 369-378, 2018.

A. Nedi¢ and B. Touri. Multi-dimensional hegselmann-krause dynamics.
In 2012 IEEE 51st IEEE conference on decision and control (CDC),
pages 68—73. IEEE, 2012.

M. J. Osborne and A. Rubinstein. A Course in Game Theory. MIT
Press, 1994.

K. Paarporn, R. Chandan, M. Alizadeh, and J. R. Marden. Characterizing
the interplay between information and strength in blotto games. In 2079
IEEE 58th Conference on Decision and Control (CDC), pages 5977—
5982. IEEE, 2019.

K. Paarporn, R. Chandan, D. Kovenock, M. Alizadeh, and J. R.
Marden. Strategically revealing intentions in general lotto games. /EEE
Transactions on Automatic Control, 2024.

Authorized licensed use limited to: Universitaetsbibliothek der RWTH Aachen. Downloaded on February 24,2026 at 12:50:09 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



[42]

[43]

[44]

[45]

[46]
[47]

[48]

[49]

[50]

[51]
[52]

[53]

[54]1

[55]

[56]

(571

[58]

[591

[60]

[61]

This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2025.3631717

N. Pagan and F. Dorfler. Game theoretical inference of human behavior
in social networks. Nature Communications, 10(1):5507, 2019.

S. E. Parsegov, A. V. Proskurnikov, R. Tempo, and N. E. Friedkin. Novel
multidimensional models of opinion dynamics in social networks. /[EEE
Transactions on Automatic Control, 62(5):2270-2285, 2016.

A. V. Proskurnikov and R. Tempo. A tutorial on modeling and analysis
of dynamic social networks. part I. Annual Reviews in Control, 43:65—
79, 2017.

A. V. Proskurnikov and R. Tempo. A tutorial on modeling and analysis
of dynamic social networks. part II. Annual Reviews in Control, 45:166—
190, 2018.

P. J. Reny. On the existence of pure and mixed strategy nash equilibria
in discontinuous games. Econometrica, 67(5):1029—-1056, 1999.

P. J. Reny. Nash equilibrium in discontinuous games. Annual Review
of Economics, 12(1):439-470, 2020.

F. A. Rodrigues. Network centrality: an introduction. A mathematical
modeling approach from nonlinear dynamics to complex systems, pages
177-196, 2019.

J. B. Rosen. Existence and uniqueness of equilibrium points for concave
n-person games. Econometrica: Journal of the Econometric Society,
pages 520-534, 1965.

E. Rossi, F. Monti, Y. Leng, M. Bronstein, and X. Dong. Learning
to infer structures of network games. In International Conference on
Machine Learning, pages 18809-18827. PMLR, 2022.

J. Scott. What is social network analysis? Bloomsbury Academic, 2012.
G. Scutari, D. P. Palomar, F. Facchinei, and J.-S. Pang. Convex
optimization, game theory, and variational inequality theory. [EEE
Signal Processing Magazine, 27(3):35-49, 2010.

J. Sherman and W. J. Morrison. Adjustment of an inverse matrix
corresponding to a change in one element of a given matrix. The Annals
of Mathematical Statistics, 21(1):124-127, 1950.

M. Sion. On general minimax theorems. Pacific Journal of Mathematics,
1958.

H. Sun and Z. Zhang. Opinion optimization in directed social networks.
In Proceedings of the AAAI Conference on Artificial Intelligence, vol-
ume 37, pages 4623-4632, 2023.

Y. Tian, P. Jia, A. Mirtabatabaei, L. Wang, N. E. Friedkin, and F. Bullo.
Social power evolution in influence networks with stubborn individuals.
IEEE Transactions on Automatic Control, 67(2):574-588, 2021.

Y. Tian and L. Wang. Opinion dynamics in social networks with
stubborn agents: An issue-based perspective. Automatica, 96:213-223,
2018.

L. Wang, G. Chen, C. Bernardo, Y. Hong, G. Shi, and C. Altafini. Social
power games in concatenated opinion dynamics. IEEE Transactions on
Automatic Control, 2024.

L. Wang, Y. Xing, C. Altafini, and K. H. Johansson. Maximizing
social power in multiple independent friedkin-johnsen models. In 2024
European Control Conference (ECC), pages 3422-3427. IEEE, 2024.
T.-Z. Wang, T. Qin, and Z.-H. Zhou. Sound and complete causal
identification with latent variables given local background knowledge.
Artificial Intelligence, 322:103964, 2023.

M. Ye, J. Liu, L. Wang, B. D. Anderson, and M. Cao. Consensus and
disagreement of heterogeneous belief systems in influence networks.
IEEE Transactions on Automatic Control, 65(11):4679-4694, 2019.

Lingfei Wang received the B.Sc. degree in applied
mathematics from Nankai University in 2017, and
the Ph.D degree in systems theory from Academy
of Mathematics and Systems Science, Chinese
Academy of Sciences in 2023. He was a visiting
Ph.D student of the Division of Automatic Control at
Linkoping University in 2020 and 2022. Since Mar.
2023, he has been a postdoctoral researcher at the
Division of Decision and Control Systems in KTH
Royal Institute of Technology. His research interests
include networked systems, opinion dynamics and

game theory.

Yu Xing received his B.S. degree in psychology
from Peking University in 2014, and his Ph.D.
degree in operations research and control theory
at Academy of Mathematics and Systems Science,
Chinese Academy of Sciences in 2020. Since Sep.
2020 he has been a postdoctoral researcher at the
Division of Decision and Control Systems, KTH
Royal Institute of Technology, Sweden. His research
interests include system identification, social opinion
dynamics, network inference, and community detec-
tion.

Shijie Huang received his B.S. degree from
HuaZhong University of Science and Technology in
2018, and the Ph.D degree in systems theory from
Academy of Mathematics and Systems Science, Chi-
nese Academy of Sciences in 2023. Since Sep. 2023,
he has been a postdoctoral researcher at the Delft
Center for Systems and Control in Delft University
of Technology. His research interests include feed-
back optimization, wind farm control, game theory,
and distributed optimization.

Claudio Altafini Claudio Altafini received a Master
degree (“Laurea”) in Electrical Engineering from the
University of Padova, Italy, in 1996 and a PhD in
Optimization and Systems Theory from the Royal
Institute of Technology, Stockholm, Sweden in 2001.
From 2001 till 2013 he was with the International
School for Advanced Studies (SISSA) in Trieste,
Italy. Since 2014 he is a Professor in the Division
of Automatic Control, Dept. of Electrical Engineer-
ing at Linkoping University, Sweden. He is a past
Associate Editor for the IEEE Trans. on Automatic
Control, the IEEE Trans. on Control of Network Systems, and Automatica. His
research interests are in the areas of nonlinear control and multiagent systems,
with applications to social networks, systems biology, quantum mechanics,
and complex networks in general.

Karl Henrik Johansson is Professor with the
School of Electrical Engineering and Computer Sci-
ence at KTH Royal Institute of Technology in Swe-
den and Director of Digital Futures. He received
M.Sc. degree in Electrical Engineering and Ph.D.
in Automatic Control from Lund University. He
has held visiting positions at UC Berkeley, Caltech,
NTU, HKUST Institute of Advanced Studies, and
NTNU. His research interests are in networked con-
trol systems and cyber—physical systems with ap-
plications in transportation, energy, and automation
networks. He is President of the European Control Association and member
of the IFAC Council, and has served on the IEEE Control Systems Society
Board of Governors and the Swedish Scientific Council for Natural Sciences
and Engineering Sciences. He has received several best paper awards and
other distinctions from IEEE, IFAC, and ACM. He has been awarded Swedish
Research Council Distinguished Professor, Wallenberg Scholar with the Knut
and Alice Wallenberg Foundation, Future Research Leader Award from the
Swedish Foundation for Strategic Research, the triennial IFAC Young Author
Prize, and IEEE Control Systems Society Distinguished Lecturer. He is Fellow
of the IEEE and the Royal Swedish Academy of Engineering Sciences.

Authorized licensed use limited to: Universitaetsbibliothek der RWTH Aachen. Downloaded on February 24,2026 at 12:50:09 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



