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Abstract— This paper studies the formation of final opinions
for the Friedkin-Johnsen (FJ) model with a community of
partially stubborn agents. The underlying network of the FJ
model is symmetric and generated from a random graph model,
in which each link is added independently from a Bernoulli
distribution. It is shown that the final opinions of the FJ model
will concentrate around those of an FJ model over the expected
graph as the network size grows, on the condition that the
stubborn agents are well connected to other agents. Probability
bounds are proposed for the distance between these two final
opinion vectors, respectively for the cases where there exist non-
stubborn agents or not. Numerical experiments are provided to
illustrate the theoretical findings. The simulation shows that, in
presence of non-stubborn agents, the link probability between
the stubborn and the non-stubborn communities affect the
distance between the two final opinion vectors significantly.
Additionally, if all agents are stubborn, the opinion distance
decreases with the agent stubbornness.

I. INTRODUCTION

The prosperous development of social media brings mas-
sive opportunities to people for exchanging their opinions,
which makes it more and more important to understand how
these opinions evolve for different purposes, such as rumor
control [15], market design [16], media competition [23].
Social opinion dynamics is to study the evolution of opinions
under the influence of individuals’ mutual interactions, which
can be described by a social network [27], [20]. Various
dynamical models over social networks have been proposed,
based on different cognitive mechanisms [7], [14], [11], [2],
[30]. Many of them explore the opinion formation process
involving stubborn agents [22], [31], [11], [12]. One type
of stubborn agents, called totally stubborn, are those who
never change their own opinions. An intuitive interpretation
of totally stubborn agents are public opinion leaders such as
media outlets, electoral candidates [17], while non-stubborn
agents can be viewed as opinion followers. For classic
opinion models such as the DeGroot model [22] and the
voter’s model [31], the group opinions can be shaped by
those stubborn opinions in the long run. The concept of
stubbornness can be extended if the opinions of the stubborn
agents are allowed to change. Such agents are called partially
stubborn. A widely studied model that involves partially
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stubborn agents is the Friedkin-Johnsen (FJ) model [11],
in which each agent constantly takes the weighted average
of their initial and their neighbors’ opinions to update their
current opinions, and the stubbornness is reflected by the
weight of the initial opinion. Typically, an FJ model will
have opinion cleavage that is commonly observed in reality
[22], [10], and mathematically, the opinions of all agents
eventually converge to the convex hull of the initial opinions
of the stubborn agents.

An important aspect for the study of opinion dynamics
is to predict the final opinions of a group of interacting
individuals [10], see [6] for an instance on recommender
systems. However, a common challenge exists in finding a
proper model to describe the structures of social interactions.
For this problem, a solution is to use random graph models,
which is a useful framework to understand network formation
[51, [8], especially for large scale networks [24]. In particular,
random graph models can exhibit concentration properties,
that is, the realized graphs are close to their expectations
in terms of the associated Laplacian matrices [18] and
vertex degrees [25]. Such concentration properties can be
used to characterize the final opinions for opinion dynamics
models over random graphs, i.e., the final opinions can be
approximated by the opinions evolving over the expected
topology of the underlying random graph model. However,
even if some existing works study the opinion evolution over
random graphs [28], [32], [33], [4], few of them focus on
the concentration behavior of final opinions. In the recent
work [29], the concentration of final opinions is reported
for the gossip-based opinion dynamics over random graphs
with totally stubborn agents. The concentration behavior is
also observed for some extended FJ models, for which the
final opinions are explicitly characterized for specific random
graph models in [3], [9].

In this paper, we explore the final opinions of the FJ model
over an undirected random graph, in which each link is added
independently from a Bernoulli distribution. According to the
positivity of stubbornness, the agents are partitioned into two
communities, stubborn and non-stubborn, and the stubborn
community has homogenous stubbornness. Different from
[29], the stubborn opinions can be influenced by the non-
stubborn ones, which makes the stubborn agents a more
natural representation of the opinion leaders who need to
listen to their followers and adjust their own opinions [13],
[21]. Moreover, it is inaccessible to apply the techniques in
[29] directly to the analysis in this paper (see Remark 1
for more details). The model in this paper is also different
from that of [3], [9], in which the models do not consider
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coexistence of stubborn and non-stubborn agents.

The contribution of this paper is twofold. At first, by
means of matrix concentration inequalities, we provide prob-
ability bounds for the distance between the final opinions of
the FJ model over the random graph and the counterpart over
the expected graph, respectively for the cases that stubborn
and non-stubborn agents co-exist (Theorem 1) and that all
the agents are stubborn (Theorem 2). We reveal that if
the network size is large enough, the final opinions of the
FJ model over the random graph will concentrate around
those of the FJ model over the expected graph, given that
the stubborn agents are well-connected to the non-stubborn
agents. Additionally, numerical examples are provided to
a special two-communities stochastic block model (SBM).
It is shown that, in presence of non-stubborn agents, the
link probability between the stubborn and the non-stubborn
communities affects the distance between the two final
opinion vectors significantly (Example 2). Moreover, if all
agents are stubborn, the opinion distance decreases with the
agent stubbornness (Example 3).

The paper is organized as follows: Section II gives some
preliminary knowledge, Section III formulates the problem,
the main technical results are reported in Section IV, and
numerical examples are shown in Section V. For the lack of
space, the proof of the theoretical results are omitted in this
paper, and can be found in the extended version [26].
Notation. Given a vector x, the i-th entry of x is denoted [x];
or, if no confusion arises, x;. The symbol diag(x) represents
the diagonal matrix with diagonal entries equal to the entries
of x. Given a matrix A, its ¢j-th entry is denoted A;; or
[A];;. With some abuse of notation, for two square matrices
A, B, diag(A, B) is the square matrix with A, B as the two
diagonal blocks and all the other entries being 0. The identity
matrix is denoted by [,,, with dimension sometimes omitted,
depending on the context. The n-order vector and matrix with
all entries being 0 or 1 are denoted by 0,, or 1,, respectively
with the dimensions omitted if there is no confusion. Let e;
be the vector with the ith entry as 1 and all the others as
0. We use [n] to represent the set {1,...,n}. Given a set
C, we use |C| to denote its cardinality. A square matrix A
is called (row) stochastic if A > 0 and 1 = A1l. Let | - ||
be the operator of 2-norm of vectors/matrices Given a real
number z, let [z] be the nearest integer to 2. For two number
sequences f(n) and g(n), we write f(n) = O(g(n)) if there
exists a constant C' > 0 such that | f(n)| < Cg(n) holds for
all n € N. Given two real numbers a and b, define aVb,aAb
as max{a, b} and min{a, b}, respectively.

II. PRELIMINARIES

A. Graphs and random graph model

Consider a network with nodes (agents) indexed in V =
[n]. The network is represented by an undirected weighted
graph G = (V,&,W), where £ is a set of unordered pairs
of nodes, and {4, j} € £ means that there is a link between
node ¢ and node j. The matrix W = [w;;] € RL;" is a
symmetric weight matrix, with w;; > 0 if and only if {7, j} €
E. Moreover, if W € {0,1}"*", it is called the adjacency

matrix of the graph G. For each agent i, its neighbor set,
denoted as N;, is the set of all the agents connected to 4,
ie., Ny ={j:{i,7} € £}. The degree of agent i, denoted
as d;(G), is the total weights of the links between ¢ and its
neighbors, i.e., d;(G) = ZjeM w;;. The degree matrix of G
is defined as Dg := diag(d;(G),...,d,(G)) (the argument
G is sometimes omitted if the graph is clear from context).

In this paper, we consider symmetric random graphs
with each edge generated independently from a Bernoulli
distribution. Specifically, let ¥ = [¢;;] € [0,1]"*" be a
symmetric probability matrix, the random graph model is
then defined as follows.

Definition 1 (Random graph model) A random graph
model, denoted as RG(V, W), is a process that generates
an undirected graph G = (V,&,A), with each edge
{i,j} generated independently by the probability 1;;. The
matrix A = |a;;] is the adjacency matrix of G, that is,
P(a;; =1) =1 —P(a;; = 0) = v;;. The graph G is called
a realization of RG(V, U).

Note that only the upper triangular part of ¥ is used to
generate the random links. A widely studied random graph
model is the stochastic block model (SBM) [1], [19], defined
as follows.

Definition 2 (SBM) Assume that the agent set V consists
of K € Ny disjoint communities, i.e., V = Upcx)Vk and
Vi, N Vi, = 0,YVky # ko. For each i €V, let c; be the index
of the community to which the agent i belongs, i.e., i € V,,.
A random graph model RG(V, V) is called an SBM if there
exists a symmetric matrix Il = [r;;] € [0, )5*K such that
for any i,j €V, it holds ;j = Te,c;,i # j and Yy = 0.

B. FJ model

The FJ model is an opinion dynamics model in which
some agents behave stubbornly, in the sense that they defend
their positions while discussing with the other agents [12].
In the FJ model over a graph G = (V,&€, W) with V = [n],
for each agent ¢, the update of its opinion is

Wy 4

zi(t+1)=(1-0;) d?xj(t) +0,2;(0),
JEN; "

where x;(t) € R is the opinion of ¢ at time ¢, and §; € [0, 1]

is the stubbornness of agent i. The compact form of the FJ
model can be written as

x(t+1)= (I —0)Dg'Wx(t) + ©x(0), teN, (2

teN, (1)

where x(t) := [x1(t),...,z,(t)] is the opinion vector and
O := diag(fy,...,0,) is a diagonal stubbornness matrix;
Dg W is the normalized weight matrix of G.

For the FJ model (2) over the graph G = (V,E, W),
according to Theorem 21 of [22], the following result holds.

Lemma 1 For the FJ model (2), if for each agent 1, either
0; > 0 or i is connected to some agent j with 0; > 0, the
opinion vector x(t) will converge, and

x(00) := lim x(t) = Px(0), P = (I-(I-e)Dg'w)~'e,
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where P is a stochastic matrix.

III. PROBLEM FORMULATION

Consider a random graph model RG(V, ¥) with a group
of agents indexed in V = [n]. The probability matrix ¥ =
[¥;] € [0,1]™*™ is symmetric. In this paper, we assume that
no self-loop exists, i.e., ¥;; = 0,Vi € V. Let G = (V, &, A)
be a realization of RG(V, ¥). Consider the FJ model (2)
over G, with W = A. The opinion evolution is

x(t+1) = (I —0)D ' Ax(t) + 6x(0), 3)

[1(t),...,2,(t)]T is the opinion vec-
Dg is the degree matrix of G, and © =
,0,,) is the stubbornness matrix to be specified

where x(t) =
tor, D =
diag(6y, ...
later on.

In this paper, we assume that n, agents are (partially)
stubborn, with fixed stubbornness 6 € (0, 1), while all the
other n, agents are non-stubborn. Note that ng + n, = n.
We use Vs = {1,...,ns} and V, = {ns, +1,...,n}
to represent the sets of stubborn agents and non-stubborn
agents, respectively, that is

0,
-t

In compact form, the stubbornness matrix © is

© = diag(01,,,0,,).

i€ Vs,

i€V, @

Accordingly, for the FJ model (3), if the conditions for
Lemma 1 are satisfied, it can be verified that

x(00) = tlim x(t) = Px(0), P=M"YI-0©)"'eD,
®)

with
M=(I-0)"'eD+ D - A. (6)

Let G = (V,&, A) be the expected graph of the random
graph model RG(V,¥), with A := E[A] = U as the
expectation of the adjacency matrix A and € defined cor-
respondingly. Under the division of stubborn/non-stubborn
agents, i.e., V = V;UYV,, some parameters of vertex degrees
of G are given as follows:

o 0° = minieys dl(g_) = minieys Z]#Z ’(/)ijl the mini-
mum expected degree of stubborn agents;

e 0" = miney, Y. jev, Yij: the minimum expected
stubborn degree of non-stubborn agents;

o A= max;cy, dl(g_) = maX;cy, Ej;ﬁi ’lﬁiji the maxi-
mum expected degree of stubborn agents;

e A := A"V A®: the maximum expected degree of all
the agents.

The following assumptions are used throughout the paper.

Assumption 1 For the random graph model RG(V, U) with
V =V, UV, there exists two constants ci,co > 8 such that
0" > ¢y logn and 6° > cologn.

Assumption 2 For the random graph model RG(V, U) with
YV =V, UV, given any agent i, if i € V.., there must exist
J € Vs such that 1;; > 0.

In [29], opinion concentration is proved for the gossip-
based DeGroot model over randoms graphs with totally
stubborn agent. That is, the final opinions tend to concentrate
around those of the expected opinion dynamics if the network
size is large. Motivated by this, in this paper, we want to
characterize the concentration property of the final opinion
vector x(00) in (5), under the randomness of the adjacency
matrix A.

Specifically, consider the opinion dynamics (2) over the
expected graph G with the same initial opinions and stub-
bornness, that is

%(t+1) = (I —0)D ' Ax(t) + 6%(0). @)

where X(t) represents the opinion vector for the expected
dynamics at time ¢, with x(0) = x(0); D = Dg is the
degree matrix of G. Under Assumption 2, from Lemma 1,
the opinion vector X(t) converges, and

%(00) := lim %(t) = Px(0), P=M"*(I —-0)"'eD,
t—o0
i ®)
where M is defined the same as in (6), with the matrices

D, A replaced by D and A. The problem of interest is
stated as follows:

Problem. For the opinion model (3) with partially stubborn
community, this paper is going to provide some probabil-
ity bounds to the opinion distance ||x(c0) — X(00)||, with
relation to the network size n. Moreover, we also want to
understand how these bounds are affected by the parameters
of the random graph model RG(V, ¥), as well as the agent
stubbornness 6.

IV. MAIN RESULTS

This section gives probability bounds for the opinion
distance ||x(00) — X(00)]|. To estimate ||x(c0) — X(c0)]|, a
probability lower bound for the minimum eigenvalue of the
matrix M (defined in (6)) needs to be given beforehand.

A. Lower bound for Apmin(M)

Before going to the main results, some definitions regard-
ing link weights of the random graph G need to be given.

o df :=|{j € N;NV,}|: the stubborn degree of agent i;

o df. = min;ey, d;(G): the minimum degree of stub-
born agents;
e d7% = min;cy, d7: the minimum stubborn degree of

non-stubborn agents.

It is easy to see that M is a symmetric matrix. According
to the Gershgorin disk theorem, M is positive semi-definite.
In fact, the eigenvalues of M can be lower bounded by the
values defined above.

Lemma 2 Consider the model (3) over the random graph
G, with agent stubbornness defined in (4). Assume that each
non-stubborn agent is connected to some stubborn one. Then,
Sor the matrix M defined in (6), it holds Apin(M) > by, with

eds dT’S

min“min

+(1-6)ds

min

bl:ds

min
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Remark 1 A similar problem is investigated in the proof of
Theorem 4.3 in [29], in which the Gershgorin disk theorem is
applied to estimate the minimum eigenvalue of a Laplacian-
like matrix M 9. However, for the matrix M in (6), the lower
bound of A\, (M) given by the Gershgorin disk theorem
is 0. In this sense, Lemma 2 provides a more adjusted bound
to )\min(M )

Applying the Bernstein inequality to the random graph
model RG(V, ¥), we can obtain the following lemma.

Lemma 3 Consider the random graph model RG(V, V). Let
Assumption 2 hold. The following inequalities hold:

P <dfmn < 52) <nge /8P (dﬁfm < 62) < e /8,

Combing Lemmas 2 and 3, a probability bound for
Amin (M) can be given in the following lemma.

Lemma 4 Consider the model (3) over the random graph
G, with agent stubbornness defined in (4). Let Assumption 2
hold. It holds that

05°57% /2
P )\min M 2 (s 1- )
< M) 2 5 a = 9)5%) i

with o1 = nse % /8 4 n,e 0" /8,

Proof: From Lemma 3, with probability 1 — o, it
holds d? > & and d7¢ S > . Therefore, the

min 2 min > 3
condition of Lemma 2 is satisfied. Noticing that b; in Lemma
2 is monotonically increasing with both d? . and d7%. , the

min min?®

desired conclusion is then obtained. |

) = x(0)|
By means of Lemma 4, the following theorem can be
obtained, giving a probability bound for ||x(c0) — x(c0)]|.

B. probability bound for ||x(co

Theorem 1 Consider the model (3) over the random graph
G, with agent stubbornness defined in (4). Let Assumptions
1 and 2 hold, and suppose A® > logn. It holds that

P(|lx(00) = x(c0)[| < €n[[x(0)[]) > 1 = 1m,

where
6 1 1-6 4(2 - 6)
=19 (5rs+ 5 ) 8Tt G 0)
1 1-6\° )
67+7 -/ Alogn - A% (9a)
My = nse_%s + nre_$ + QnSn_% 42075 = O(n™17),
(9b)
. _ : ci/\c 1
with ¢ = min{<£< — 1,1},

Remark 2 According to (9a), if 6" A §° > cn for some
¢ > 0, which means that the expected graph G is well
connected, then the opinion distance between x(co) and
x(00) (scaled by the norm of the initial opinion vector x(0))
is close to O if the network size n is large enough. In other

words, Theorem 1 implies that the final opinions of the FJ
model (3) will concentrate around those of the expected FJ
model (7).

Remark 3 From the form of ¢, in (9), it can be seen
that the probability bound depends on the topology of the
expected graph G in a complex way. Nevertheless, as the
coefficients in (9) regarding network topology are all related
to the link weights between the stubborn and non-stubborn
communities, an indication is that the weights can affect the
opinion distance ||x(c0) — x(00)|| significantly. This will be
verified by the following Example 2.

It should be pointed out that the bound ¢,, is conservative,
especially when 6 is close to 1. This can be seen if we fix
the network size n and let 6 converge to 1, i.e., each agent
tends to be fully stubborn and keep their opinions unchanged.
Accordingly, the opinion distance ||x(c0) —%(00)|| decreases
to 0. However, from (9), ¢, diverges to infinity if 6 — 1.
Nevertheless, if all the agents are stubborn, the conservative-
ness can be reduced, as shown in the following theorem, in
which we omit the superscript of §° and write it as d.

Theorem 2 Consider the model (3) over the random graph
G, with all agents having stubbornness 0, i.e., Vs = V. Let
Assumptions 1 and 2 hold. It holds that

P(llx(c0) — %(c0)|| < €,[Ix(0)])) > 1 = O(n™7),

with
,  6y/Alogn  4(2—0)/AlognA
w5 952

andq:min{%—l,% .

Remark 4 According to Theorem 2, if all agents are stub-
born, the probability bound €/, is monotonically decreas-
ing with 6. This is intuitive, since stubbornness represents
memory of each agent toward its initial opinion, which is
deterministic and can be regarded as an “anchor” against the
randomness of social interactions in the opinion evolution
process.

From Theorem 2, as 6 goes close to 1, the probability
bound €/, tends to be 6vAlogn | 4‘/A;§g nA instead of 0.
This means that €/, is still a conservative bound. To obtain
a more accurate bound is a work for future studies.

V. EXAMPLES

In this section, we apply the results in Section IV to an
SBM with communities Vs and V,., defined as follows.
Suppose the link probability matrix between the commu-

nities is
H — pS pST ,
Psr  Dr

where ps, pr, psr € (0,1) are constants. Let 7, be the ratio
of stubborn agents in the whole group, i.e., s = %, and

correspondingly 1 — r, is the ratio of non-stubborn agents.
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We use the pair (5, IT) to represent the SBM. The following
corollary is obtained by applying Theorem 1.

Corollary 1 Consider the model (3) on the SBM (rs,1I),
with agent stubbornness defined in (4). Assume that rs €
(0,1). If n is large enough, it holds that
_ _ 1
P([[x(00) = x(c0)[| < &[[x(0)[) > 1 =0O(n"3),

or equivalently, P(||P — P|| < &,) > 1 — O(n™5), with
42 —9)

_6'(f+1f£)ﬁ+9<10>2'

-
logn

(5

(10)
_|_

1-60\°
\/E ) . \/maX{bQ,bg}

where by = TsDsr, ba := 1rsps + (1 — 75)psr and by =
TsPsr + (1 - Ts)pr-

n

Remark 5 Corollary 1 implies that as n grows, the prob-
logn

ability bound €, is O(y/~2%). As shown in the following
Example 1, this order is close to that of the compact bound.

Median(Dist)
~ —Llog(n)

log(Dist)

4 4.5 5 5.5 6 6.5 7 75 8
log(n)

Fig. 1. The log-log plot of Dist w.r.t the network size n for Example 1.
The red shade represents the range of all Dists generated in the simulation.
The gray curve is the change of the medians of Dist for each n. The
two dashed curves are drawn for comparison, with slopes —% and —%,
respectively.

Example 1 Consider the SBM (rg,II) with r; = 0.1, ps =
0.3,p, = 0.3 and ps. = 0.5. Let the stubbornness be
@ = 0.5. For each n in {[e*], [e*9%],... [®]}, we run the
SBM (r,,1II) for 50 times and obtain 50 graphs of size n.
For each of the graphs, we calculate Dist = ||P — P||, of
which the €, in Theorem 1 is a probability bound. The results
are shown in Fig. 1. The orange dashed line has slope —%,
and the red shade is the range of all Dists generated in
the simulation. It can be seen that as n grows, the gray
curve tend to be parallel to the orange dashed line. This
means that the order of Dist is O(n~2), which is close
to that given by Remark 5. Moreover, note that the red
shade becomes narrower for larger n. This indicates that the
opinion distance Dist concentrates around the gray curve

as n grows. Therefore, the simulation results match the
conclusions of Theorem 1 and Corollary 1.

°
°
$%%.

°%%
%636

%%
=
o

Fig. 2. The scatter plot of the medians w.r.t. the degree parameter
triplet (ps, pr, psr) for Example 2. The node color is increasing with the
corresponding median.

Example 2 Consider the SBM (r,,IT) with n = 500 and
rs = 0.5. The stubbornness of stubborn agents are § = 0.5.
Let the triplet of degree parameters (ps, p,, Ps) varies and
takes value from the set {0.1,0.2,...,0.9}. For each triplet
(Ps, PryDsr), the SBM (rg,II) is run for 50 times, and
generates 50 graphs. For each of the graphs, we calculate
Dist (the definition is the same as that of Example 1),
and further obtain the median of the 50 Dists. In total,
9% medians are collected, each corresponding to a triplet
(s, Pry Dsr). In Figure 2, we use scatter plot to show these
medians. Each node is associated with a triplet, with its color
increasing with the corresponding median. As shown in the
figure, a clear observation is that the median is smaller when
(ps, pr, Psr) is closer to the vertex (1,1, 1), which indicates
that the opinion distance Dist will be smaller (with high
probability) if the underlying graph of the SBM (rg,II) is
more densely connected (i.e., the entries of II are larger).
Moreover, from Figure 2, the dependency of the median on
Dsyr seems more obvious than that of p, and p,., which gives
evidence to Remark 3.

Lastly, we study an FJ model with all the agents being
stubborn.

Example 3 Consider the SBM (rg,II) with n = 1000
agents. The degree parameters are set as ps = p, = Dsr =
0.2. All of the agents are stubborn, i.e., rs = 1. Let the
agent stubbornness 6 vary and take values from the set
{0.05,0.06,...,0.95}. For each 6, the SBM is run for 50
times and generates 50 graphs. For each of the graphs, we
calculate Dist (defined the same as that of the previous
examples). The results are shown in Figure 3. In the figure,
the blue curve represents the 0.95-quantile for each 6, and the
red shade is the range of all Dists. As indicated by Remark 4,
the probability bound Dist is monotonically decreasing with
the stubbornness 6.
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Fig. 3. Plot of Dist w.r.t. the agent stubbornness 6 for Example 3. The
red shade represents the range of all Dists generated in the simulation.

VI. CONCLUSION

This paper considered the FJ model over a random graph.
The stubbornness of the stubborn agents were homogenous.
The graph was realized by a random graph model, with each
edge added from a Bernoulli distribution, and for different
edges the distributions are independent. It has been shown
that, if the non-stubborn agents were well-connected to the
stubborn agents in the expected graph of the random graph
model, the final opinions of the FJ model over any realized
graph would concentrate around those of the FJ model
over the expected graph. Moreover, as indicated by both
the theoretical results and numerical examples, the opinion
distance was affected significantly by the link probabilities
from non-stubborn agents to stubborn agents. For the case
that all of the agents were stubborn, the opinion distance
would decrease with the agent stubbornness. As mentioned in
the context, the proposed probability bounds for the opinion
distance were conservative, which left a future direction to
seek for more compact bounds.
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