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Abstract: In recent years, the identification of social networks systems has attracted more and more research attention. This
paper is based on French-DeGroot model. We assume that there exist some information sources which can influence other agents
in the social network but cannot be influenced. Since the model is linear, the least-square algorithm is applied to estimate the
parameter matrix of the underlying social network. We prove the strong consistency of the algorithm, i.e. the estimate for the
parameter matrix converging almost surely to the true matrix. The algorithm in this paper only need to trace and record the
evolution of agents’ opinions for certain topics, which enriched the existing identification algorithms for social network matrices.

Key Words: The least-square algorithm, Social network, The parameter matrix’s identification

1

,

[1].

. , ,

. ,

. ,

. , French-DeGroot

, Friedkin-Johnsen [2]. French-DeGroot

[3],

.

, .

, Friedkin

French-DeGroot Friedkin-Johnsen

. ,

,

[4].

,

. ,

, : 61573345,

(2016YFB0901900) .

,

.

, , [5–7].

[5] , French-DeGroot

,

.

[6] Friedkin-Johnsen

. ,

,

. [7]

,

.

,

. ,

,

.

French-DeGroot

. ,

Proceedings of the 37th Chinese Control Conference
July 25-27, 2018, Wuhan, China

1931Authorized licensed use limited to: RISE Research Institutes of Sweden. Downloaded on August 28,2023 at 11:42:32 UTC from IEEE Xplore.  Restrictions apply. 



,

.

French-DeGroot ,

.
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.

, ,

.
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. 3 ,

. , 4 ,

, .

5 , .

6 .

2

,

.

G =

(V , E , W ) . , V = {1, · · · , n} G
, .

E ⊆ V × V G , (i, j) ∈ E i

j . W G ,

, (i, j) ∈ E, wij > 0 ; (i, j) /∈ E,

wij = 0. W = (wij) ∈ R
n×n,

1(
∑

1≤j≤n wij = 1, ∀1 ≤ i ≤ n),

W .

1(
∑

1≤j≤n wij ≤ 1, ∀1 ≤ i ≤ n), W

. , G .

G , (i0, i1), (i1, i2), · · · ,

(ik−1, ik−2) i0 ik , , i0, · · · , ik ∈ V,

k ≥ 1. i j i

j .

3

French-DeGroot .

, xi(k) ∈ R i k

, 1 ≤ i ≤ n, k ≥ 0. X(k) =

(x1(k), · · · , xn(k))
T k , k ≥ 0,

. French-DeGroot :

X(k + 1) = W X(k), k = 0, 1, · · · , (1)

W .

, , (1)

:(
Xs(k + 1)

Xns(k + 1)

)
=

(
I 0

B D

)(
Xs(k)

Xns(k)

)
, k = 0, 1, · · · ,

, Xs(k) ∈ Rm m k

, Xns(k) ∈ R
n n

k , D ∈ R
n×n

, D 0, B ∈

R
n×m .

:

Xns(k + 1) = DXns(k) +BXs(k). (2)

, .

4

,

(2) , .

4.1
,

θT =
(
D B

)
, ϕT

k =
(
Xns(k)

T Xs(k)
T
)

,

Xns(k + 1) = θTϕk. (3)

Pt+1 = (
∑t

i=0 ϕiϕ
T
i )
−1, :

Pt+1 = Pt − atPtϕtϕ
T
t Pt

at = (1 + ϕT
t Ptϕt)

−1

θt+1 = θt + atPtϕt(yt+1 − θTt ϕt).

(4)

,

, θt → θ, a.s. ,

λmin(
∑t

i=0(ϕiϕ
T
i )) > ct, a.s., c > 0.

, λmax(
∑t

i=0(ϕiϕ
T
i )) = O(t), a.s.

4.2
(2) :

1) ;

2) {Xs(k), k = 0, 1, · · · }
, E(Xs(0)− EXs(0))(Xs(0)− EXs(0))

T � R

;

3) A(z) � I − Dz Bz ;

4)
(
D B

)
,

, z , zX(k) = X(k − 1).
4.1. , 1) D

2 , D , D 1.
, 1) , D

, ,
D 1. , D 0

, 1) D .

4.2. 2) ,
,
.

,
.

4.3. 1) D , |z| ≤
1, A(z) .

, .

, detA(z) = a0 + a1z + · · ·+ anzn.
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4.1. 1)-4) ,

λmin(
t∑

i=0

(ϕiϕ
T
i )) > ct, a.s.,

c > 0.

. λmin(
∑t

i=0(ϕiϕ
T
i )) = λmin(t).

λmin(t) > ct, :

lim inf
t→∞ t−1λmin(t) > 0 a.s.

fi = (detA(z))ϕi,

λmin

t∑
i=0

fif
T
i

= inf
||x||=1

t∑
i=0

(xTfi)
2

= inf
||x||=1

t∑
i=0

[xT(a0ϕi + · · ·+ anϕi−n)]
2

≤ inf
||x||=1

(1 + n)

t∑
i=0

xT(a20ϕiϕ
T
i + · · ·+ a2nϕi−nϕT

i−n)x

≤ (1 + n) inf
||x||=1

t∑
i=0

xT(a20ϕiϕ
T
i + · · ·+ a2nϕiϕ

T
i )x

= (1 + n)(a20 + a21 + · · ·+ a2n) inf||x||=1
xT

t∑
i=0

ϕiϕ
T
i x

= (1 + n)(a20 + a21 + · · ·+ a2n)λmin(t)

,

lim inf
t→∞ t−1λmin

t∑
i=0

fif
T
i > 0 a.s., (5)

lim inf
t→∞ t−1λmin(t) > 0 a.s.

.

(5) , {nk}
{ηnk

}, ||ηnk
|| = 1, ηTnk

= (αT
nk

, βT
nk
),

lim inf
k→∞

n−1k

nk∑
i=0

(ηTnk
fi)

2 = 0.

{ηnk
} , {ηnk

}(

, ηnk
), ηnk

→ η, k → ∞.

, ||η|| = 1, ηT = (αT, βT).

n∑
i=0

h(i)
nk

zi = αT
nk

adjA(z)Bz + βT
nk

detA(z),

ηTnk
fi = αT

nk
adjA(z)BXs(i − 1) + βT

nk
detA(z)Xs(i)

= (αT
nk

adjA(z)Bz + βT
nk

detA(z))Xs(i)

=
n∑

i=0

h(i)
nk

ziXs(i),

lim
k→∞

n−1k

nk∑
i=0

(ηTnk
fi)

2

= lim
k→∞

n−1k

nk∑
i=0

(
n∑

j=0

h(j)
nk

zjXs(i))
2

= lim
k→∞

n−1k

nk∑
i=0

(

n∑
j=0

h(j)
nk

Xs(i − j))2

= lim
k→∞

n−1k

nk∑
i=0

[
n∑

j=0

h(j)
nk
((Xs(i − j)

− EXs(i − j)) + EXs(i − j))]2

= 0

(6)

:

lim
k→∞

n−1k

nk∑
i=0

[
n∑

j=0

h(j)
nk
(Xs(i − j)− EXs(i − j))]

[

n∑
j=0

h(j)
nk

EXs(i − j)]

= lim
k→∞

n∑
j1=0

n∑
j2=0

h(j1)
nk

n−1k

nk∑
i=0

[(Xs(i − j1)− EXs(i − j1))]

[h(j2)
nk

EXs(i − j2)].
(7)

[8] n−1k

∑nk

i=0[(Xs(i− j1)−EXs(i− j1)]

0. h
(j)
nk , 1 ≤ j ≤ n,

, (7) 0. (6)

lim
k→∞

n−1k

nk∑
i=0

[
n∑

j=0

h(j)
nk
(Xs(i−j)−EXs(i−j))]2 = 0. (8)

(8) :

lim
k→∞

n−1k

nk∑
i=0

[h(j1)
nk
(Xs(i − j1)− EXs(i − j1))]

[h(j2)
nk
(Xs(i − j2)− EXs(i − j2))].

, 0 ≤ j1, j2 ≤ n, j1 	= j2. 1,

(α, Mi, Xi+1) (2, [Xs(i− j1)−EXs(i−
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j1)], [Xs(i − j2)− EXs(i − j2)]
T), :

n−1k

nk∑
i=0

[h(j1)
nk
(Xs(i − j1)− EXs(i − j1))]

[h(j2)
nk
(Xs(i − j2)− EXs(i − j2))]

= n−1k

nk∑
i=0

[h(j1)
nk
(Xs(i − j1)− EXs(i − j1))]

[(Xs(i − j2)− EXs(i − j2))
T[h(j2)

nk
]T]

= O((

nk∑
i=0

||Xs(i − j1)− EXs(i − j1)||2) 12

log
1
2+η(

nk∑
i=0

||Xs(i − j1)− EXs(i − j1)||2 + e))

= O(n−1k (nk)
1
2 (log nk)

1
2+η)

= O(n−1k (nk)
1
2+η),

, {h
(j1)
nk }, {h

(j1)
nk }

, . 2) [8]

. , (8)

0. ,

lim
k→∞

n−1k

nk∑
i=0

h(j)
nk
[Xs(i − j)− EXs(i − j)]

[Xs(i − j)− EXs(i − j)]T[h(j)
nk
]T = 0,

, 1 ≤ j ≤ n. [8] ,

n−1k

nk∑
i=0

(Xs(i−j)−EXs(i−j))(Xs(i−j)−EXs(i−j))T

R. h
(j)
nk → 0. ,

h
(j)
nk ,

αTadjA(z)Bz + βTdetA(z) = 0 (9)

3), M(z), N(z),

A(z)M(z) + zB(z)N(z) = I .

αTadjA(z) = αTadjA(z)[A(z)M(z) + zB(z)N(z)]

= αTdetA(z)M(z)− βTdetA(z)N(z)

= detA(z)[αTM(z)− βTN(z)]

� detA(z)
λ∑

i=0

(μ(i))Tzi

(10)

(10) A(z), B(z), (9) :

αT =

λ∑
i=0

(μ(i))TziA(z) (11)

−βT =
λ∑

i=0

(μ(i))Tzi+1B (12)

4),
(
D B

)
,

μ(i), (μ(i))T
(
D B

) 	= 0 .

(μ(i))TD 	= 0, (11) z

1, 0, .

(μ(i))TD = 0, (13)

(μ(i))TB 	= 0. (12),

(μ(i))TB = 0. (14)

(13) (14)

(μ(i))T
(
D B

)
= 0.

(μ(i))T
(
D B

) 	= 0 , μ(i) = 0, i =

0, · · · , λ. (11) (12), α = 0, β = 0.

η , ||η|| = ||(αT, βT)T|| = 0,

||η|| = 1 . , :

lim inf
t→∞ t−1λmin(

t∑
i=0

(ϕiϕ
T
i )) > 0, a.s.

λmin(
∑t

i=0(ϕiϕ
T
i )) ≥ ct ,

c > 0.

4.2. 1)-4) ,

λmax(
t∑

i=0

(ϕiϕ
T
i )) = O(t), a.s.

. λmax(t) = λmax(
∑t

i=0(ϕiϕ
T
i )). (2) ,

Xns(k) = DkXns(0) +
k−1∑
i=0

Dk−1−iBXs(i).

4.1 , ρ ∈ (0, 1) c1 > 0,

||Dk|| ≤ c1ρk, ∀k ≥ 0. Schwarz

t∑
k=0

||Xns(k)||2

≤
t∑

i=0

[2||Xns(0)||2c21ρ2i + 2c21(
i∑

j=0

ρi−j−1||BXs(i)||)2]

≤ 2c21||Xns(0)||2
t∑

i=0

ρ2i

+ 2c21

t∑
i=0

i∑
k=0

ρi−k−1
i∑

j=0

ρi−j−1||BXs(i)||2

≤ c2 + c3

t∑
j=0

||BXs(i)||2

= O(

t∑
j=0

||Xs(i)||2).

[8] 2),
∑t

j=0 ||Xs(i)||2 =

O(t). λmax(t) ,

λmax(t) = O(
t∑

i=0

||ϕi||2) = O(t), a.s.
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4.3. 1)-4) ,

||θ − θt||2 → 0 a.s., t →∞,

, θ , θt .

. 4.1, 4.2 1,

||θ − θt||2

=
log(λmax(t){log[log(λmax(t))]}δ(β−2)

λmin

∑t
i=0(ϕiϕT

i )

<
log(c1t)[log log(c1t)]δ(β−2)

ct
,

, ||θ − θt||2 → 0, a.s.

5

,

. ,

. , 4 ,

. D =
(
0.5 0.3
0 0.6

)
,

B =
(
0.2 0
0 0.4

)
. matlab ,

. NMSE(normalized mean

square error, ) .

NMSE :

NMSE = ||θ̂ − θ||2/||θ||2.

1 . 1

, .
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1:

6

, French-DeGroot

.

.

.

. ,

.

,

,

, .

.

:

yt+1 = θTϕt + wt+1, t ≥ 0. (15)

yt , θ ,

θT =
(−A1, · · · ,−Ap, B1, · · · , Bq

)
, ϕt

, ϕT
t =

(
yTn , · · · , yTn−p+1, uT

n , · · · , uT
n−q+1

)
,

yi = 0, ui = 0, i < 0. wt .

Pt+1 = (
∑t

i=0 φiφ
T
i )
−1,

:

Pt+1 = Pt − atPtφtφ
T
t Pt

at = (1 + φT
t Ptφt)

−1

θt+1 = θt + atPtφt(yt+1 − θTt φt).

(16)

1 ( [9] 4.1).
(1) {wt,Ft} ( {Ft}

σ− ),

sup
t≥0

E[||wt+1||β |Ft] � σ < ∞ a.s., β ≥ 2,

(2) ut Ft- .

||θ−θt||2 = O(
log(λmax(t)){log[log(λmax(t))]}δ(β−2)

λmin(
∑t

i=0(ϕiϕT
i ))

) a.s.

, δ(x) = 0, x 	= 0; δ(x) = c, x = 0, c > 1, θ

, θt .

2 ( [10] 4).
D ∈ Rn×n, i, 1 ≤ i ≤ n,

j, 1 ≤ i ≤ n, j 1
k1 = i, k2, · · · , km = j, 1 ≤ m ≤ n,

dk1k2dk2k3 · · · dkm−1km > 0 ρ(D) < 1.

1 ( [9] 2.8). {Xk,Fk}
, {Mk,Fk} ||Mk|| < ∞, a.s. ∀k ≥ 0

. α ∈ (0, 2],

sup
k

E[||Xk+1||α|Fk] < ∞, a.s.,

sk(α) = (
∑k

i=0 ||Mi||α) 1α , n →∞ ,

k∑
i=0

MiXi+1 = O(sk(α) log
1
α+η(sα

k (α)+e)), a.s. ∀η > 0.
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